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For a good many years I have had the ambition to be able to answer the gquee-
tion: How did Kepler arrive at the so=-called first Keplerian law, the ellipticity
of the plenetary orbit? The discovery of the ellipse ought to be, one would think,
a rather straightforward geometrical affair, a matter of calculating distences be-
tween Sun and planset trigonometrically, and seeing that these distances fit into an
allipss with the Sun at one focus. Now as all the commentators make clear, such
distance-determinations do indeed play a role in Kepler's journey of discovery.

But this role, as I believe I can now show, is 8 negative one: the trigonometry
does not lead to the idea of the ellipse in the first places, it is too imprecise to
give the dimsnsions of the ellipee, and it does not provide what Kepler regarded es
an adequete confirmation of the elliptical shape. What has emerged for me from a
study of Kepler's book, the Astronomia Nove of 1609 -~ and I do not believe that
this understanding appears in any of the secondary literature -- is not merely that
Kepler goes his journey theory-laden, but that it is only thus that he manages to
arrive at his first two laws, the ellipse and the srea law. It is an initial hunch,
a physical hypothesis, which guides him throughout; svery step is made deliberately,
not only in confrontation with data, but in pursuance of that humch. And the laws
arrived at, the sllipse and the area law, rest on the physical theory ss on a prem-
ise; they remain hypotheticel; they cannoct be confirmed independently of one an-
other, but taken jointly yield better predictions than haed ever been achisved
before. What I shall try to show, then, is how this is so; toc trace in schematic
outline the logical mpp of Kepler's journey.

Let me begin with two preliminary remarks. The firet has to do with the ob-
servations that Kepler used. With the benefit of hindsight, we can say that all
the planets known to Kepler have nearly circular orbits. The one with the most
flattened orbit is fMercury, but flercury, being close to the Sun, is difficult to
observe. The next greatest departure from circularity occurs in the orbit of Mars
== the orbit that Kepler studies -- and here the departure from circularity is such
that the minor axis of the ellipse is about 1/200 or 3% less than the major axis.
In a picture of this orbit drawn to scale, most of us could not, by merely looking,
detect the departure from circularity.

Thus a planetary theory which uses circular paths can be surprisingly good.
It is not quite right to talk about errors arising from the assumption of circu=-
larity alone; in any planetary theory, an additionel assumption has to be made es
to the motion of the planet. B8ut I can assert that, if one did have a theory for
flars which erred only in assuming a circular path, the discrepancies between pre-
diction and observation would never rise above 10' of arc. Now my thumb, held out
as far es possible from my eye, subtends an angle of about twe degrees, or 120'.
So the discovery of the elliptical orbit is going to depend on resther refined
cbservations.

The observations which Kepler used were made by Tycho Brahe, in the years
between 1575 and 1600. They were made by naked eye, but with large instru-
ments, quadrants, sextants, on which the scales could be finely divided. Often
Tycho had two observers observing the same object simultaneously; their results
sometimes differed by as much as 3' of arc, but the finsl result or average was
regarded as accurate to within 2' of arc. Thie is to be compared with the 10°'
discrepancy between observations which previous astronomers had allowed to be
tolerable. Without Tycho's reduction of the expected error to about 2' of arc,
Kepler's discoverises could not have been mads.






The second preliminary remark concerns Kepler's hunch, the physical hypo-
thesis which guides him throughout his work. When Kepler went to irague in 1600,
to work under Tycho Brahe, he was already an ardent Copernican. H3 saw that the
preeminent role of the Sun in planetary theory, which had appeared as an unex-
plained assumption in Ptolemy's constructions, becomes a simple consequence of
the postulates in Copernicus's system. However, Kepler felt that Copernicus had
failed to realize the full meaning of his new system. For Copernicus, the Sun
sits like a lamp in the midst of the solar system, lighting end heating up the
world; otherwise it is functionless. The centers of the planetary circles do not
even lie in the sun.

Now Kepler felt that the Sun was more then a mere lamp. He noted that as
you go out from the Sun, the actual linesr spseds of the planets become less:
Venus moves more slowly than flercury, the Earth moves more slowly than Venus, filare
moves more slowly than the Earth, and so on. To Keplsr this corrslation between
distance and speed suggested a causal relation: he hypothesized that the Sun was
somehow causing the planets to move about, and that the motive force or virtus
fell off in strength as one got farther from the Sun. Thus, when he started his
work on Nlars, Kepler already had the germ of the idea of a cselestial physics, thet
is, an account of the planetary movements in which the planets do not have within
them the source of their motions, but are moved from without by pushes and pulls.
What I think we need to see is how Kepler, faced with a mase of confusing data
and theory inherited from his predecessors, is guided by this physical hypothesis
throughout his journey.

So much for preliminaries. I turn now to what Kepler, with his flair for
the dramatic, calls his war on Mars. I shall divide the war into seven phases.

The first phass I shall barely mention. It has to do with th2 latitudes of
the planet. The observed position of a planet is specified by latitude and longi-
tude (Figure 1). Here is the celestial sphere, with the celestial north pole on
top, and the equator running arcund the middle. As far as the making of observa=-
tions is concerned, we can think of the Earth as being at or near the center of
this sphere. Inclined toc the equator is the circle of the scliptic. This is the
apparent path of the Sun during a year, projected againct the background of the
stars. The Sun's position along the ecliptic, measured in degress eastward from
the vernal equinex, is called its longitude.

Now the planets are observsd tec do something like what the Sun does: their
general movement is eastward, approximately along the acliptic. However, they
depart from the ecliptic by small amounts, going above it and below. Now the
theories of Ptolemy and Copernicus with regard to the variation in latitudes are
frightfully complicated. Kepler accomplishes an encrmous simplification. He
hypothesizes that the plane of Mar's orbit is inclined at a constant angle to the
plane of the ecliptic, and passes through the Sun. He is able to verify this
hypothesis by means of certain observations, which I shall not describe hers.
Note the use of the Sun as a fixed reference peoint; the previous theories hed
always used an imaginary point called ths (lean Sun, rather than the "real and ap-
parent Sun", as a reference point in their planetary calculations, and this was
one of the reasons for the complications in the Ptolemaic and Copernican theories
of the latitudes. (In the case of Ptolemy, the additional complication due to the
use of the Mean Sun is cleerly apparent in the theories of Venus and flercury; in
the Ptolemaic theories of the latitudes of the superior planets, the complication
arises meinly from the gsocentric mode of description.) Kepler's establishment
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of the constancy of the inclination, and the passage of the plane of the orbit
through the real Sun, is a first victory for his hunch about the rols of the Sun.
In what follows, I shall ignore the problem of latitudes entirely. I shall deal
only with the longitudes, i.e., the positions of flars as projected onto the
ecliptic.

Second Phase. Kepler sets up a theory for the longitudes of flars which is
successful in one way and fails in anothar. The first thing to understend is what
one has to ge on in setting up a theory for the longitudes of a planet. The ob-
servations of the planst are of two kinds. Let us agree to take the Copernican
standpoint, and to think of the Sun as a fixed point, and of the Earth and the
other planets as moving in orbits about the Sun (Figure 2). Here the outer
circle is the assumed path of Mars, and the inner dotted circle is the assumed
path of the Earth. Ordinarily, when an observation on liars,is made, the Earth,
Sun and flars form a triangle, ®.g., SE_ N, . The observetion gives only the direc-
tion of Mers from the Earth, against the background of the stars. At this point
wve are far from knowing everything about the triangle. OFf course Kepler does have
a theory of the Earth's motion, or rather of the Sun's motion, which he has in=
herited from Tycho, and we shall find him trusting this theory to give the direc=
tion of the line £.5,. For a reason which will appear shortly, Kepler will not
completely trust this theory to give him the distance E_S,, which varies around
the circle since the Sun is off=-center. And even if we accepted Tycha's theory,
to solve the triangle we would still need to know the direction of sm1. How can
we determine the direction of Sm1?

This brings us to the second sort of ohbservation. About every 780 days, fars,
the Earth, and the Sun come into a line, with the Sun on the far side of the Earth
from flars. At sbout this time, Wlars can be observed approximately on the meridien
overhead at midnight. At the exact time of opposition, en observer on Earth is
seeing flars against tha background of the stars in just the position in which he
would see it if he were situated in the Sun. Kepler had twelve such observations
to work with, taken betwsen 1580 and 1604. Actually, one seldom gots an cbserva=-
tion at the exeat time of the opposition; the position of the planet at oppoeition
has to be calculated from a group of cobservations made about the time of the oppo-
sition. Kepler, for the first time, calculates the oppcsitions to the real Sun,
rather than the flean Sun; this is in line with his hunch; he hopes this change will
lead him to a new and better theory.

But how set up:a theory? At the time of the opposition one knows the helio-
centric longitude of Mars, its position on the acliptic as seen from thes Sun. 8ut
one does not know its distance from the Sun. The only thing toc do is to meke an
assumption. Kepler proceeds to try to fit a theory of Ptolemaic type to the data.
That is, he assumes that ilars is moving in a circular path with center at C, that
the Sun is off-center at some point S, and that the motion of the planet is uni-
form not necessarily about C but about another point G, called the equant point.
All of these features are present in the Ptolemaic theory of the deferent of Nars,
except of course that the Sun is replaced by the Eerth. What one needs to find is
the direction of the line SCQ, and the ratios of SC and CQ to the radius of the
circle. The procedure for finding these things, both for Ptolemy and Kepler, is
the horrendous one of trisl and error: make a guess, then alter it if the theory
fails to fit the facts.

There is one difference between Ptolemy and Kepler that I should mention:
Ptolemy had assumed that the point C is midway between S and G for reasons that
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are not entirely clesr. Kepler did not want t68 assume this; rather, he wanted to
place the point C betwsen S and Q at just the right point, to yield the best fit
between observation and theory.

Kepler uses four of the twelve observations at opposition to set up his
theory, end after 70 trials, finds & theory which fits these observations. He
then checks the theory against the remaining eight observations, and finds the
concordance very good: the average discrepancy between theory and observation is
50", the maximum discrepancy being 2'12". Whst this theory does then, is to give
the heliocentric longitudes of flers, its positions eas seen from the Sun, with @
precision equal to that of the observations.

Now es we next discover, this theory is false. Kepler comes to call it
his vicarious or substitute theory, because though false it servee to give him
the heliocentric longitudes of Ilars, for all his later work. What it fails to
give correctly are the distances of flars from the Sun.

How can Kepler learn enything ebout the distances of flars from the Sun?
Suppose for a moment that we take Tycho's sclar theory and transform it into a
theory of the Earth's motion -- this is a very simple geometrical transformation
which I shall describe shortly -- and considsr observations of Mars when it is
not in opposition (Figure 3). The Earth, Sun and flars in each of the two obser-
vations picturad here form e triengle. The position of SM is now known from the
vicarious theory, the position of EN is given by the observation in each cess, end
the position of ES is determined by Tycho's solar theory. Now Tycho's solar
theory, which differs from Ptolemy's only in its numbers, is known to give the
heliocentric longitudes of the Earth with coneiderable accuracy, just as the vi-
carious theory gives the heliocentric longitudes of Mars with considerable accu-
racy, so all the angles in these triangles are known to within ebout 4' of arc.
The ratios of the sides of the triangles can then be calculeted trigonometrically.
if only ons could trust Tycho's theory to give also the ratio of SE, to SE
these are not equal because the Sun is not in the center of the circle -- one

could determine the ratio of Sm1 to sz.

The fact is, Kepler knows that he can trust Tycho's theory, in its pre-
diction of Earth-Sun distances, within certain limits. One besis for this trust
is provided by observations of the apparent diameter of the Sun's disk, which
show, though a little roughly, that the distance between the Earth and Sun does
not change very much, changes in fact lsss than Tycho's theory pradicts. Ths
orbit must be nearly circular. The possible errors are small enough so thet
Kepler can use Tycho's thaory to learn something about Mars=Sun distences. He is
particularly interested in checking the placemont of the point C, the center of
the orbit. The vicarious theory had put it about 0.61 of the way from S to Q. By
computing flars~Sun distances near the line of epsides Kepler now shows that C must
be much closer to half way betwsen S and Q. If he now alters the vicarious thsory
accordingly, and puts C midway betwsen S and @, the altered theory no longer pre-
dicts the heliocentric longitudes of llars correctly, but gives errora ss high es
8', whereas Tycho's observations cannot be in error by more than about 2'. The
8' error here, Kepler tells us, is what forced him to go on to a total reformation
of astronocmy.

Kepler's situation, at this point, can be summarized as follows. He has
two theories, Tycho's solar theory for the Esrth, and the vicasrious theory for
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Mars. Both are Ptolemeic-style theorises, involving a circular pat!:, and uniform
angular motion about a point within the circle. Each theory predicts the helio-
centric longitudes of its planet with errors not exceeding 1' or 2', as confirmed
rather directly by observaetion.* But if Tycho's theory for the Earth is taken as
correct for Earth-Sun distances, then the vicarious theory is wrong with respsct
to Mars=Sun distances. 1In fact, the vicarious theory is definitely wrong, because
the possible errors in the distances in Tycho's theory are relativoly small, com-
pared with those deduced for the vicarious theory. So of the two rssumptions on
which the vicarious theory rests, the circular path and the unifori motion ebout
an equant point, one or the other must bs wrong. The vicarious theory will remain
useful, end indeed indispensable, for finding the heliocentric longitudes of

flars, but it is a false thnory.

Which of the two Ptolemaic principles, circuler path or equant point, should
be charnged? Kepler Hes no doubts on this scors. If one has in mind the possi-
bility of a cclestial physics, the equant principle appears artificial: there is
no body at the esquant point, no believaeble mechanism of which the equant principle
would bs th> expression. fioreover, the work on the vicarious theory has provided
Kepler with a clue to a possible substitute for the equant principle. It is the
squant principle that Kopler will first abandon, but before doing so, he under-
takes an inquiry as to why Ptolemaic-style theories, using equant points, can
be so successful, in tho prediction of heliccentric longitudss.

Fundamentally, the success meesns this (Figure 4). The varying motion of any
planet is symmetrical ebout a certain line, ths line of apsides (AP). The most
rapid mst%mn of the planat cccurs at one point (P), and its slowest motion et a
point 180" away (A). In beotwsen these points, on either side of the line of aep-
sides, the change in the planet's angular speed about 5 is gradual. Suppose we
assume the plenset to be moving uniformly on e circle concentric with 5. This
theory is wrong, because, starting at A, the point of slowsst motion, tho actual
planet falls behind the planst of our theory; the discrepancy builds up gradually
to a maximum at ebout a quarter of the planst's period, and then decreases again
to zerc as the planet comes to P,

Suppose that after a guarter period the plenast is seen from S along SK in=-
stead of SU; in other words, the discrepancy at this time between cbservation and
our first theory is the angle KSU. We can eliminate this discrepanrcy rather sime
ply, by shifting the planetary circle up, so that its center is at Q. This new
theory will rhyme with observation when the planet is in the lines S5A, SX, 5P, SL;
and the largs-order discrepancy bstwsen theory and obasrvation, angle KSU ( = angle
SKQ), amounting to nearly 110 in the case of NMars, has been sliminnted. Such dis-
crepancies as remain will be in the octants, and will be much smaller; in the case
of lvars these remaining errors are at meximum about 8', i.s., 1/80 of the former
error.

Kepler goes on to show how, keeping O fixed as the egquant point or center
of uniform motion, and taking a new orbit with center at some point C between S
and Q, the remaining discrepancies can be reduced below the level of observational
detection. In this final edjustment of the orbit, the point Q, previously deter-

*#This statement is made from Kepler's point of view. Actually, Tycho's incorrect
values for refraction ond for solar parallax lead to an eccentricity that is too
high, and so the solar theory is more erroneous than the above statemsnt implies.
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mined, must remain the equant point; otherwise, some part of tha oviginal large-
order discrepancy will be re-=introduced.

This argument shows why, given the general character of planetary motion,
a theory of the equant type is doomed to succead, as far as concerns prediction
of heliocentric longitudes. There is one other consequence I should like to men-
tion for later use: it is that the placement of the equant point can be determin-
ed with greater precision than the placement of the center of the orbit, because
the placement of the equant point depends on the determination of a larger angle.

Third Stage. Kepler devises a replacement for the equant principle. As I
mentioned befors, the work with flars has already provided a clue. Kepler has
found that the midpoint of the line of apsides, C, eannot be where the vicarious
theory puts it, but must be more nearly midway between S and Q, the 5un and the
equant point. Now it is a peculiar fact, on which Kepler hed meditated, that
Ptolemy in his theories of Venus, flars, Jupiter, and Saturn, had assumed whaet is
called the bisection of the ecgentricity. If we translate the Ptolemaic theories
into heliocentric form, what this means is that the canter of the orbit is assum-
ed to lie mi av between the Sun and tho Equant point. And Keplor has now gotten
a rough verification of this assumption in the case of flars. Among the principal
plenets, the main exception, to which this assumption had not been applied, was
the Sun, or if you are a Copernican, the Earth (Figure 5). (Of tee other excep-
tion, Mercury, Kepler cnds by distrusting some of the observations on which
Ptolemy's theory is based.) Tycho's solar theory, like Ptolemy's, was a simple
eccentric theory: the Earth is off-center, but the Sun goes uniformly about ths
center of the circle, so that equant point and center of the circle coincide.
When you transform this theory into a theory of the Earth's motion, you again get
@ simpls eccentric theory, with equant point and center of the orbit coinciding.

Now what if the eccentricity were bisected in the case of all the planets?
Take a planetary theory in which the eccentricity is bisected (Finure 6). The
planet moves at a uniform angular rate about Q. In a given time _t would, say,
go through e small angle AGB. In an equal time, later, it would go through the
equal angel RGP. The equality of _the angles means that, for small arcs near the
line of apsides, very nearly, AB/RP = AG/QGP. But because of the hisection of the
sccentricity, because Q and S are symmetrically placed about €, it follows that
AQ = SP and AS = QP. Substituting, ﬁﬁyRP = SP/SA. In other words, near the line
of apsides, the arcs traversed by the planet in equal times are inversely as the
distances from the Sun. Or the velocity of the planet varies inveorsely as its
distence from the Sun.

This is a new hypothesis, which Kepler believes might be generally applic-
able, throughout the orbit. It is not precisely equivalent to the equant prin-
ciple, except in the 1line of apsides when the eccentricity is bisected. But this
hypothesis is in accord with Kepler's hunch, the physical hypothesis he brought
with him to Prague, the idea that the Sun, by means of some mysterious, immater-
ial virtue, is pushing the planets about, and that its motive virtue falls off
im ekr=ugkh with ornater dietences from the Sun.

.Now.Kepler fesls that he will be justified in trying out this new hypo-
thesla,.lf he can esteblish that the eccentricity is hisocted in the case of the
Earth, just as Ptolemy had assumed it to be for the other planets besides Mercury.
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The main procedure Kepler uses is as follows (Figure 7). He takes three of
Tycho's observations of fMars, made 687 days apart, the time it takes flars to go
once around its orbit. At ell three times, then, flars should be at the same
place, M. Let the Earth at these times be at the points E_, E,;, E,. Then the
directions of the lines £1m, Ezm§ E.M are determined by Tycho's observations;
the dirsctions of 5E1§ SE., SE. are determined by Tycho's solar thecry; and
finally the position of 5& is éetarmiﬁ@d by the vicarious theory of [lars. We gst
three triangles @ith all angles known, and one side, &il, in common. It is than
possible to find the ratios of SE,, SE,, SE, to Sil, and hence to one another; so
the positions E£,, €., E_ are Fﬂunéa T%r@e goints determins a circle, and so
Kepler can determine thée position of ths center of this ecircle, and hence the
length SC in relation to the radius of the circle.

Now I want to stress that these trigonometric calculations are much less
satisfactory than ths usual accounts of Kepler's work suppose; intoc each calcula-
tion of 5C go seven pieces of data, esach of which can be in error, and ths trigo=
nometric celculation can greatly magnify the initial errors, especially when
emall angles are involved,

Kepler goes through proceduraes of this kind several times, and gets diver-
gent results: the highest reault for SC is to the lowsst as 5 to 3. All of them,
howsver, show that the eccentricity of the orbit is less than the valus essigned
by Tycho. Remember that the eccentricity determined by Tycho is essentiaslly the
eccentricity of the eguant, which can always be determined with greater precision
then the center of the orbit. Kepler's results, though markedly divergent among
themsslyes, show that the center of the orbit deoes not coincide with the equant
point as had always been previously assumed; rather, it lies somewhere in the
middle between the equant point and the Sun. Kepler, then, assumes that the ec-
centricity is exectly bisected. Then he can proceed to try out his new hypothe=
sis, that the velocities of the planet vary inversely as the distances from the
Sun.

The new hypothesis has one great disadvantage: it is difficult to calculsate
with. The speed of the planet is constantly varying as e function of its dis-
tance from the Sun, and the hypothesis says how it is varying; but what we need
to know is how far the planet goes in a given time along its path. To determine
this, ons would need the methods of the calculus, not yet invented. Kspler ate-
tempts an approximation: approximately, he says, the times for the planet to trav-
erse equal arcs are proportional to the distances of these arcs from the Sun; the
greater the distance, the greater the time (Figure 8). In applying this idea,
Kepler goes through very tedious calculations, dividing the semicircle into 180
arcs of one degree each, computing the distancesof each of thsse arcs from S,
adding up successive sums of these distances and putting these sums proportional
to the times. Let me montion only one result: in the case of the Earth, predic-
tions based on this nsw principle differ from those based on Tycho's theory by at
most 9" of arc, which is below the level of observational detection. The new
theory is satisfactory in predicting the heliccentric longitudes of the Earth,
because it jibes with Tycho's solar theory. And Tycho's solar theory, a simple
eccentric theory in which the equant point coincides with the center of the orbit,
is satisfactory for heliocentric longitudes because the eccentricity of the
Earth's orbit is small -- less than 1/5 of the sccentricity of Mars' orbit -- and
therefore what matters is only the placement of the equent point, which Tycho
has determined fairly precisely. Kepler knows this and depends on it.
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Then Kepler has another idea, to abbreviate the calculations. The distances
from the Sun to the points in one of these equal arcs (c.g. AB, Figure 8a) are
all contained in the area of the sector, e.g. ESA. The area of {nis sector sug-
gests itsslf as a measure of all the distances within the sector. Then just as
previously the distances of these equal arcs were proportional tc the times, so
now the areas might be assumed to be proportional to the timss, for thece equal
arcs. This is the origin of what is called Kepler's eccond law, tha law of
areas: as it is usually stated today, the arsas swept out by the radius vector
from the Sun to the planet are proportional to the times. Actuelly, this hypo-
thesis is a new principle, not equivalent toc the formor one. Oul again, in the
case of the Earth, it rhymes satisfactorily with Tycho's theory: the maximum dis-
crepancy is 34" of arc. In the case of flars, the differences would be much
larger.

Fourth Stags. Kepler renews his attack on llarz, using his new principle,
that the areas are proportional to the times. (I am leaving out of account here
the fact that Kepler continued to calculate also with his first hypothasis, that
the times for egual arcs are as the distances of these arcs from the Sun. I
shell deal only with his use of the area lcu.)

In this new attacic, Kepler first assumes a circular orbi% for flars, with
the Sun off-center. The Sun is presumably pushing plonat eround; the strength
of the push decreasing with increasing distanzc {rom %17 sun.

But at this point Kepler has to ask himself a question. Why should the
distance of the planet from the Sun vary? Why does it not simoly move in a cir=
cle concentric with the Sun? The only account Kepler can think of is an adap-
tation of Ptolemy's epicyclic theory for the Sun (Figure 9). In this, the epi-
cycle has a radius equal to the eccentricity, and moves countnrclockwise around
e circle with the Earth at the center, while the Sun moves clockwise a’ the sams
rate on the epicycle. At every moment, anglo L = angle A. On these assumptions,
it cen be shown that the Sun simply moves in a circlo eccen’ric ta the Earth
(dotted circle in the figure). Wow this samo mechanism cen be adapted to make
flars move in a circle eccentric to the Sun. Besides being moved around by the
Sun, flars then has a mover of its own, which moves it in this tiry epicyclic
circle. Kepler worries about how the planetary mover might accorplish this. He
knows,that, as Tycho's observations on the parallaxes of comets bave indicated,
the heavens are not solidj there are no crystalline sphsres; comets moue
straight through the planetary regions. The planetary mover has no feet or wings.
And there is another difficulty. The angle L docs not increase uniformly with
time, but rather follows the dictates of the area law. But for fars to rcmain on
a circle, angle A must at each instant be equal to angle L. So i.a planet has to
move non-uniformly about the epicycle. Docs ths planetary mover have to study
planetary tables, trying to find out where it ought to be? Keple- is sceptical
about that, but he proceads anyway to apply tho arca law of the sccentric circu-
lar orbit.

I shall not describe the calculations. Using thn area rule, Kepler is
finding out where the planet is in its circle a% given *imes in the whole period
of 687 days in which it completss its orbit. Tihe results =re checked against
the predictions of the vicarious theory. As it tucns out, there is agreemont of
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FIGURE 10
STAGE 4

Errors in Circular Theory
of Stage 4, as compared
with the Vicarious Theory.

FIGURE 17
STAGE 5

Errors in the Oval Theory
of Stage 5, as compared
with the Vicarious Theory
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the two theories in the apsides (A, A) and in the quadrants (Q, Q) but a discre-
pancy of about B' in the octants (Figure 10). At 0, for instance, the new theory
puts the planst 8'21" ahead of where it should be; and at 0., it is 8'1" behind
where it should be. The pattern of error ie symmetrical in the other semi=
circle. Seo the planst, on the assumption of a circular orbit and the area rule
or law, is being made to move too rapidly about the apsides, and too slouwly
about the quadrants. Therefore either the circular orbit must be wrong, or the
area rule, or both. If it is only the circle which is wrong, then the orbit

muet bs brought within the circle in the middle longitudes, around the quadrants,
80 that the amount of arsa is reduced thsre, and hence the times fer given arecs
shortened. The orbit would be oval.

Kepler performs a number of calculations with triangles involving the Earth,
Sun and Mars, in otder to determine the distance of flars from the Sun in these
middle longitudes. 1 have previously mcntioned the error in this type of calcu=
latigqn. Kepler is now in a better position toc make these distance calculations
than befors, becauss his odification of Tycho's solar theory -- his introduction
of the bisection of the eccentricity -- makes the thesory a better predictor of
Earth=Sun distances. FEui %“he error is still verv troublesome. Howsver, Kepler's
results do show that {l2rs =oues within the circle in the middls longitudes. In
cthsr words, the orbit is some kind of oval, rather than circular. 5o the circle
of the Stage four theory is wrong. On the other hand, the area law may still be
rights it predicts that ths orkit is oval, and the distance-dsterminations,
though rough, confirm this preciction.

Fifth Stage. At the beginning of Chapter 45 of the Astronomia Nova,
Kepler tells us that, having discovered that the orbit is not circular, he faelt
he knew the cause of theo departure from circularity. From Stags four you will
recall that the planetary mover that was moving flars on its little epicycle was
having a rather difficult time. WNot only did it leck feet or wirgs, but it was
having to move the planet non-unifornmly on the epicycle in order to keep to the
sceentric circular path. Its job would be easier, though still impossible, if
it had only to move the planet uniformly on the epicycle. But ii it were to do
this, the resulting path would be oval, as required. This is eacy to show, but I
ghall omit the demonstration. The actual orbit turns out to be eag-shaped, with
the sharper end at ths peri-helion, or point of closest appro=zch to the Sun.

Kepler procesds to calculate the consequences of this new hypothesis,
assuming as before the area rule. The calculations are horrendous. To simplify
matters, Kepler substitutes en ellipse for the ggg-shaped cval; the differsnce
in shapse is very small., I shall call this ellipse the auxiliaery ellipse. Even
then the problem remains difficult, and Kepler tries a number of different routes
to its solution. The results in which ha finally reposes trust (Figure 11) again
show agreement with the vicarious theory in the apsicss and quadrants, and dis-
crepanciss in the octants. In one calculation, for instance, he finds that the
new oval theory puts the plchet 8' behind where it should be at the first octant |
and 7%' ahead of where it should be at the third octant. Note that the errors
in the oval hypothesig, on the assumption of the area rule, are almost the exact
opposite of those found in the circular hypothesis: the planet is going teo
slowly about the apsides, and too rapidly in the middle longitudes. 1If the area
law is right, then the orbit should be less narrow: there needs to be more area
between the Sun and tha orbit in the middle longitudes, in order to show the
planet down there, arsas bsing proportional to times.
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Errors in Circular and Oval Theories

Circular
Circular Oval
ist octant +8! -8
3rd octant -8 +8!

FIGURE 12 STAGE 6
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Sixth Stage. Kepler now sess that, on the assumption that the area law is
right, he will get a thsory that jibes with the vicariocus theory, in its predic-
tions of helioccentric longitudes, if he chooses an orbit just midway between the
circle of Stage Four snd the auxiliary ellipse of Stage Five (Figure 12),
Rounding off the errors in the octants, we get an anti-symmetrical array (es
shown opposite the diagram). The dotted elliptical orbit, just midway between
the circle and the auxiliary ellipse, will reduce these symmetrical errors to
zero, In effect, the arse law is controlling the shape of the orbit. The areas
swept out about the Sun are assumed to be proporticnal to the times; variously
shaped orbits distribute the total area of the orbit in different ways; only ons
shape of orbit will get the planet to the right place at the right time. On the
assumption of the area law, the right orbit can differ only negligibly from the
dotted ellipse.

Moreover, Kepler is now able to cslculate the precise dimensions of the
dotted ellipse. Long before, he had calculatsd the width, QT, of the lunule
which the auxiliary ellipse cuts off from the circle. He has only to halve this
width to get OR, and hence RC, the semi-minor axis of the ellipss.

Two remarks. As is well known, the correct ellipse is that ellipse which
has the Sun at one focus. The term "forcus" -- Pirst introduced into European
mathematical literature by Kepler himself, in the Astronomis Pars Optica of 1604
-- is nowhsre used in the Astronomia Nova. At the stage of his journey we have
now described (Phase #6), Kepler gives no indication aes to whether or not he
realized that the Sun was located at the focus. The focal properties were not
involved in the discovery of the correct ellipss.

Second Remark. What about the possible role of Mars-Sun distancees, deter-
mined trigonometrically, in the discovery of the correct ellipse? From three of
Kepler's letters, written in December, 1604 and January, 1605, it is appareant
that the distance-determinations are misleading him: they are giving the wrong
value for the amount of ingression of the orbit within the circle. Let the mean
distance from the Sun to the Earth be 100,000. Then the mean distance from the
Sun to Mars comes out to be 152,350, approximately, The correct, dotted sllipse
comes within the circle by about 660 of these parts. Kepler was getting values
of 800 or 900 parts. In a passage of a letter written in May of 1605, after the
war was over -- it came to sn end about Easter time -- Kepler says that the dis-
tance determinations generally left him in doubt by about 100 aor 200 perts.

By contrast, the sssumption of the arsa law, together with the dotted ellipese,
leads to predictione which, Kepler tells us, jibed with thes vicarious theory

"to the nail®, The distance-determinations play an essentieal role, but this
role is mainly negative and admonitory. They show that the vicarious theory is
wrong in its predictions of Mars-Sun distances, and that Tycho's solar theory is
wrong in ite predictions of Earth-Sun distances; in both cases, they indicate
that the eccentricity is more nearly bisected; and in ths case of Mars, they
show that the orbit is not a circle but some kind of oval. After the discovery
of the correct elliptical orbit of Mars, end eafter Kepler has, arguing from
analogy, sltered his theory of ths Earth to make the shapse of its orbit oval,
the distances in these two orbits can be used in predicting positions of Mars

as seen from the Earth; and these predictions can be checked against the obser-
vations. But Kepler sees these confirmations as confirming his Mars and Earth
theories jointly, not the Martian theory by itself. And in any case, the dis-
tance determinations do not lead, in the first place, to the ides of the ellipse,
or to its exact dimensions: they are teoo ridden with error to do so.
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Seventh and Final Stage. Kepler has the ellipse and the area lew -- the
first and the second plerietary laws that go under his name. He is in despair.
He feels that his triumph over llars is empty. He cannot explain why the planet
should go in this particular orbit.

One day he ie considering a diagram of the eccentric circle == not the
correct orbit of flars, but the orbit of Staga Four (Figure 13). This circle, of
course, circumscribes the correct elliptieal orbit. If we assign 100,000 pearts
to the radius of the circle, then the ellipse comss within the circle, in the
middle longitudes, by 429 parts; Kepler had celculated this number. WNow he had
been employing thie circle constantly, in his calculations of areas in the el-
lipse; end always in these calculations, a certain triangle played a role: the
triangle with the base SC, whers S is the Sun, and C is the center of the orbit,
and the apex P is on the circle, at such a point that PC is perpendicular to CS.
The angle CPS, Kepler knew, was 5018'. Kepler tells us that quite accidentally
he happened on the secant of CPS, that is PS/PC; it was 100429/100000. "It was
as though" -- he says ~~ "I had awakened from sleep, and sesn a new light."” In
the middle longitudes, betwecn the apsides, the lunulea is broadest, and in fact
its width, 429 is just the exccss of PS over PC,

Kepler immediately arrives at the notion that for other places on the circle,
©.g., P', the distance of Mars from the Sun should be given, not by SP', but by
the perpendicular projection of SP' onto ths corresponding diameter of the circle,
viz. P'T.

The last part aof the story I am barely touching on, because of its compli=-
cation, but I do want to urge that Kepler's sudden sense of illumination is not
totally unintelligible. There are, I think, two roeasons for it. One of them has
to do with the relation bestwsen the area law, and that first hypothesis which
Kepler had proposed to replace the gquant, the hypothesis that the times for
equal arcs are proportional to the distaences of those arcs from the Sun. Kepler
knew that these two hypothases were not equivalent for most orbitsg but I think
that at the moment of illumination, because of & certain geometrical relation,
he got the idea that the two hypotheses would be exactly equivalent for the
right elliptical orbit. This is not quite right, and Kepler finds a clear and
strictly correct formulation only much later, after the Astronomia Nove was
finished.

The other reason has to do with the explanation of the ellipticity of
the orbit. Kepler now proceeds to replace the motion of the planet on thse epi-
cycle, used in Stages Four snd Five, by a libration or oscillation of the dia-
meter of the spicycle that goes through the Sun. The possibility of such en
oscillation Keplsr had thought of long before, when he was having all his dif-
ficulties with the conception of the planebdary mover, and was trying to imagins
a way in which flars could be caused to move in an orbit eccentric to the Sun.
Kepler finally accounts for the oscillation by a kind of megnetic attraction and
repulsion. But the point T want to make here is that, in Kepler's earlier
study of this oscillaticon the triangle P'TS is involved.

Thus this moment of illuminction ie triggered by an accidental observationg
but the reason that the accidontal observation seems illuminating is that it
suggests & solution to two problems on which Kepler had spent long hours, and
with the geometry of which he is thoroughly familiar.



FIGURE 13 STAGE 7

Discovery of the correct rule for Sun-Planet distances
When the angle at the center of the circle is x, and the
heliocentric longitude therefore u (approximately),
then--

the Sun-Planet distance is not SP' (as in the circular
theory),

but P'T (the projection of SP' onto the diameter).
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Whet Kepler now has is a proposed procedure or formula for calculating the
distances of filars from the Sun. For a given angle at the center of the circle,
say?§ x in Figure 13, the proper distance is not SP' but P'T. But: houw is
P'T to be laid off? One end of it has to go at S, but where does the other end
go?

Keplsr first verifies his not-quite-defined formula by laying P'T off slong
SP', the radius vector from Sun to planet in the old, discarded circular theory
of Stege Four. This theory, we recall, gave srrors in the heliocentric longi-
tudes of B8' in the octents. The resulting orbit, gotten foom the new distance
formula, applied in this way, is not an ellipse. It does not matter; the angular
poeitions of ths new distahces are not quite right, but they are never off by
more than 8'. In an B' shift, at the upper octant for instance, the radius
vector in the ellipse changes by about 25 parts. The distances determined by
observation and trigonometrical calculation are uncertein by 100 or 200 parts.
In other words, the observationally determined distances fit orbits which differ
elightly in shape from the ellipse.

Kepler knows this. But he wants to fit the distances of the new formulas
into the ellipse. The orbit must be sllipticel, as he has convinced himself
on the basis of the area lasw. After a time=consuming mistake, Kepler discovers
the right way. The new distances, laid off from S, are to be shifted in position
from the line SP' to a position such that the end-point of the distance lies
on P'f, a line perpendicular to the line of apsides. Then the end-points lis on
an ellipse. Kepler is here discovering a new piece of geometry, hitherto un-
known.

All right. The war is over.

Uhat I have been trying to show may be summarized as followe. The revolu=-
tion which Kepler brings about in astronomy -- and the Keplerian revdlution is
the decisive revolution, it is here rather than with Copernicus that we cross ths
divide between ancient and modern astronomy -= this revolution does not consist
in the discovery of what may be called, in a simplistic sense, erpirical laws,
1f the first two Keplerian laws were empirical in that sense, then it would have
had to be the case that the ellipticity of the orbit waes verified independently
of the area law, and then the area law verified within the ellipse thus found.
The actual process was the other way round: what Kepler verified, with the
degree of precision he wanted, was the propoeition: if the area law is right,
then the orbit is elliptical. It is true that he has satisfied himself, inde-
pendently of the srea law, on the basis of distance-determinations, that the
orbit is oval. But these determinations leave an unsatisfying range of
indeterminacy.

Newton will later write: "Keplsr knew ye Orb tao be not circular but oval,
& guest it to be Elliptical.” VYes. But the guess is no idls guess; it comes
out of a hunch actively pursued, in confrontation with all the previous theoriss,
and with Tycho's new data.

If one is asked what is responsible for Kepler's discoveries, I think one
has ta admit the role of chance, luck, or as Kepler would say, Providence. It is
into his care that Tycho's observations are confided -- the only observations
that could have led him to his goal. The first tassk he is assigned is that of
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constructing a theory for fMars -- the only planet whose elliptical path could
have been discovered, in the then state of the observational art. The theories
of Stages Four and Five, which he constructs, happen to err equally in opposite
directions from the right result. He happens by accident on the secant of a
certain angle, and so emerges from his final perplexity.

But what is just as important, through all the accident and error and
luck, is, first, Kepler's belisf in the possibility of understanding, and his
devotion to his task, that carries him through four years of reasoning and cal-
culation; and secondly, the rightness of his initial hunch or insight, and his
ebility ¢o disentangle the confused state of things before him in the light of
it. He procesds indeed by a kind of Sherlock Holmesian logic, which claims in
elimineting the imposeible or false to srrive &t the true; and most of the
physical hypotheses he constructs will have later to be discarded es inconsistent
with Newtonian theory. But at the root of all his theorizing is that initial
sanse of the significence of the inverse relatign between velocity and distance
w= @ firat glimmer of what will one day be ths law of conservatiocn of angular
momanitum. It is in the light of that hunch that he is guided through 900 pages
of cslculetion to a better plenstary theory than had ever been proposed before.
No doubt Kepler's discoveries are a kind of miracle -- of chance and love, but
also of inventive hypothesizing and detective logic.
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