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This special supplement to the Collegicm for November contains 

HThe Cutting of the Ca.nonn, the first printing of which was 

discarded bec~use of mechanical failure in the mimeograph dupli­

cation proces-s; and reprints from the October issue vrA Note On 

Apollonius 9 Parametern, another piece of work which suffered from 

faulty printingo The :Legibility of this supplement throughout 

testifies that the problem has_ been -taken c·are of: the Collegian 

has new printing fa·cilities. It seems useful to point this out 

publicly; and to state that any prospective contributor who has 

held back from submitting his work because of the poor -quality 

of the duplication need no longer be concerned on that account. 

Richard _ Freis 

Noel Meriam 
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ratio ( tv .A<>y'f,) of a numb~ .. r ( 0..~"0./'"'ou ) to a number, so that 

sounds mu~t also pf ne,c~ssity be to e,acJl otl~er in .tP..e ratio of a nu:mber 
-. · ~ _ .. ;. · _:! ': ~~ ·~ ;- ~;- ~ . ; · . t <_; _~-- .. ··.; .... :.;:~ ... ···:". ... ·.: : . ~~·-----~ -... -.· .. .. · -~ - - . ...... ...... . ... ~ 

to a number. And of numbers some are said .to be to each other in a . . . . . . . . 

multiple, some in a s~pei;parti.c~lar, .. a~9,. .. ~ome ~n.. a s:~pe_rpartient . ratio, 
. . . • . . . .. ,, . ' .. 

so that sounds ~ust also of nec.e~s.jty,pe said to be in ·s.uch.r~tios-.to one 
• ~ -~ " ·_ .. ·, • . • • ..\ . '~ • : - . ; -~-! • l ... ... ~ ·. . . . \ .. . . . -

another • . · Of these t~e. mulH~le. ~4 t~e ~uperparticq~ar have·~ single name 
I '; • • 

1 
: • ;· • , ' • , • • • • , , , • , • ~.. 1 , • 

for their relation towaJ;d. each othe~. . 

I 

w~ .. ~.o_w that of sou~q·~- sor.:i_e_ a7~.~~<?~~.o~.ant ( ~ur~'Bvq_'-'));~d 

others dissonant ( JL..a. ~~vou5 ), an_d t~at t~e consopant sounds. make 

one mixture of both ~ounds of~ i~~erval), while the dissonant sounds 

do not. Since this holds for the~. , ~t is lik~ly tha~ the cons.ona_nt sounds, 
•• . '. ' • ' • • • • .. . • :. • ' • -. ~ ; ·~,· .... '. ·, .. ·~ .. .. . j~ ;.;.~ =:_:.~ ~·.:. . .. • • .: • • .. • ~ ~ '• • • • I " 

since they make one mixture. otv;~:>ic.e 9~ bo,th~ should be ~xpressible in 
, • . , · · ·,:·-. .. I.· .. ~.,.:~~.·-- · ~:.,_ ..... ,:~ ..... ·. ·~· .... ': • • . ""' • •• ~_.,.. •-• · - • • · ·· 

ratios of those numb~rs which hcive a sin:g.~~ nam~ for thej.~ r(31_ation ,._ 
. . . .. : .. . ~- ': : . ' . . ' . " , . . ! ' . _, . : . .. . ., . . ' 

toward each other, wh~_ther. they be mult~~?l~ ~r super.Pa;eticular .• 

:· · .· : 

!£ 2:.. multiple interval, w~en ~oubl.y c_ompou.nde.d,. m·G}kes -~ interval, 
. ,, : ·'· 

~ interval will i~self be. m~tiple • . . ' 
Let there be an interval B-C,, and. let B be. a , µll:l,ltiple o(C:.~ ~as C.·is 

• • • • ~ • # • • • • • • • • •• • .. • • 

to B, so let B be to D. I say tha~ Dis the .dup_U~at~:of .C. .F.o~ :·~in~~ - B 
- · . ~· :. • : ; ' . • ' ' ' ; ' ,t ! , • . . • • I t " 
, • . ·.·· 

is a multiple of C, C measures~·- · . B~t .~s C , i~ ~,0 .B, .. ~.?. i ,s B. tq ·D..t ,:!30 that 
," ~t :f. ; - . 

C also measures D. Therefore D is a mult~p_le :Qf,,C ... .. . , . ; 
• • ~ • .: .'." •, • • . , i ' '.: . . ," • •. • ·~ I • ; • • • > ~ ' ' , • ''" - : • • 

· . .... 
i -..,: ··I : t ~ •. ; r 

* The diagTcims· 'frbm'fii~ Mahu~cript~' a'~e ori'. th~· Diag~a~ ·'~beet, at 
end of Section F. 
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l I. 

· If ~interval, ~doubly compounded, makes ~e whole multiple,..!!_ 

will its elf be multiple. · 

Let there be an interval B-C and as C is to B, so let B be to D, and 

let D be a multiple of C. I say that B is also a multiple of C. For 

since D is a multiple of C, C measures D~ But we learned that, if there 

are however many numbers in proportion, and the first measures the 

last, it will also measure those inbetween. Therefore C measures B. 

· Therefore Bis a mtiltiple of C.- · 

- .. · Ill• 

I .. 
Neitherbne:m.ean ( )A~oo5 · ")number ·~~ fall within the super-

.) / \ 
:.. ·particular "interval proportionate.;.wise ( , o..v a./\ ·oy ov ). 

Let ithere be' a superpartictilar· interval B:..G~ · And let the least numbers 

which ·s·tan-crin the· sa:me ratio:B to C ·be D'E1 :F. ·" These then hav'e only 

the unit as a common measure• Subtract BE equal to F. And since 

measure of b oth DE and F . Therefo~e DG is . a unit. · .Ther_efore no 

· :mean will falI bet'ween DE aricf F. · : For the-mean so falling ·will be less 

than: DE and· greater than .Fi 'so: that th:e unit is ·divided, ~hich is· imp.as sible. 

·Therefore n~rie will 'fa1i b.etween DE· arid ·F .··>£ut as many· me~ns as fall 

between the least iiumbe'r. propo·rtioriate·-wise~r :so ~any ·will fall ·· · 

proportionate-wise between thosellarger numberajhaving the same ratio. 

And none will fall between DE and F, nor between B and C. 
. ... t ·. 

·. ·t 
. :.. (, . ~ ·. t r • . : ~ , , 't • • 

........ -.~ ...... 
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. IV. 

If ~non-m'1ltiple interval if? doubly compounded. ~~will~ 

neither multiple nor superparticular. ------·- ----
For let there be a non-multiple interval B-C, and as C is to B 1 so let 

B be to D. I say that Dis neither a multiple nor a s ·uperparticufar of C. For 

first let D be a multiple of C. Then we learned that, · if an·. inte-rval' when 

doubly compounded, makes the whole multiple, it is· itself :also multiple (II). 

Therefore I3 will be a inuldple of t. But it was riot. Therefore it is 

impossible for D to be a: multiple of c._ Blit.:rie:lther ·1s - ·it~-=.-a:-rgupe ·rparticular. 

For no mean falls proportionate-wise within a superparticular interval (III). 

But B falls between D .. -and C. Therefore it ·is impossible for D to be either 

a multi:ple or a superparticular of C • . 

' v. 

!!_~ interval, when . d,oubly .compounded, ~~make~ whole multiple, 

it will .not itself be multiple. - -----:---~ .----
Let there be an inter:\Tal D-C, and as C is to I3, so let D be to D, and 

let D not be ~multiple of C~ L say t~at neither will D be a multipl~ <?f 

C. For if J3 is a multiple of C, then D will be a multiple of C. Dut it . 

is not. Therefore I? will not be a multiple of C. 

VI. 

I 

The double interval consists O V v £UT1 K~ V ) of the two 

_g_reat~~ su;eerparticular ratios, the sesquialter .. (3:-2} and the se·squiter:.. 

~ (4:3). 

For let B-C be greater by a half than D-E, and D-E again greater 

by a third than F. I say that D-C is the double of F. For I took away 
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E-K equal to F and C-L equal tq D-E. Then, since D-C is greater 

Again, since D-E is greater by half :than··~:~ .. D-K i~ a fourth of D"."E. 

and a tJ:iird ,of F:• ._Then .. s~nc;e . D-K is .- a fourth .of -D_-Z, . D-L is half 

of D-E, so that D-L will be half of D~K. And ,D-L was .a third · 
. . ' . : . . . . . 

part of D""'.G• Therefore D-K. is a si~h part of D-C. And D-·K was a 
' . .. . . • . . : . . . 

third part of ·F. . I'herefo:,:e. D-C. is · the. double of F •. . ~ ... ~ : . . . . 

·: .. ; '· Alternate 

Let .. .A .be gre~ter by .<l hal~·':tban B.· and B greater -by a third than C. 
. . . . 

• : • ! I : ~~Y .!that Ai~ the 4c;rµble .of ·c •. For since-·A is· greater b·y a ·hall than. · 

.B.1 . A contains .B and its half. : Therefore two of A ·are equal to r thr.ee; ·of 

B. Again, since B is greater by a. third than ·c, · ·B·- ·contains C ·and; its 

third. Therefore three of B are equal to four of C. But three of B 

: . ~.re .~quaLto twp of .A_. ·:-.'rherefore two _o_f_-A_ are eqµ:ql to four o..f C. 
· .. ·.-. .'_.:. . . ~ - : . : .. · · ·· - ... ·- - - ... . ... ... -~ - . . . . .. . . 

Therefore A is equal to two of C. Therefore ·A i~ · th~ double. of C • 

. VII. 

From_ the :double . in~e:rval and ~sesquialter~.interval the triple · 

int.erval ( T fl 1T _A~_eno v) comes~ be'• 

.. . 

. -~ 

For let there be A, the double of B., ·and B. greate·r hy a: half than C. 

I say that A is the triple of C. Fo.r~ ·since A is the double of B, A is 

equal to two of B. ·Again, since B is gr.eat~r by half .- than C, B contains 

A is equal to three of C. Therefore A is the triple of C. 
I. • " - ~ : 

• .... , . # ~. .... .. 
. ~ ~ . .. . . 

·. , . . . ' . 
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VIII. 

If ~ !!:!.2_ sesquialter interval ~ sesquitertian interval is taken 

away,· the ~emaining interval which~ left i_! th~ sesquioctavan. 

For let -A 'be greater by a half than B, and C greater by a third than 

B; I s~y·; that A is the sesquioctavan of C. 

For since· A is greater by a half than B, A contains B and its half. 

Therefc»re eight of A are equal to twelve of B. Again since C is greater 

. ; :·: .. 

by a third than B, therefore C contains B and its third. Therefore nine 

of C are equal to twelve of B, and twelve of B are equal to eight of A. 

Therefore eight of A are equal to nine of C. Therefore A is equal to C 
v· 

and an eighth of it. Therefore :A is the s ·esqtrloct·~~an of c: . 

IX. 

six sesquioctavan intervals ~e great~~ than ~double interval. 
:; · 

For let the.re 'be one nu~ber, A. And iet A be greater by an eighth 

;: .. . , · . 

than B", and ·B greater by an eighth than C, and C greater by an eighth 

. ; 

than D, and E great'er by an eighth than D, and F greater .by _ an eighth 

.. . ~ . . 
than E, and G greater ·by an eighth than F. I say that G is greater than 

the double of A. 

' . 
Since we learned to find seven numbers, each greater by an eighth 

than the preceding, let there be found A, B, C, D, ··E, F, G, and fet 

A be 262144. 

the double of A. 

B 
c 
D 
E 
~ 
G 

294912 
331776 
373248 
419904 
472392·. 
531441, and G is greater than 
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x. 

The diapason interval!! multiple. 

Let there be the nete hyperbolaeon A, the mese B, and the proslambano­

menos C. The.refore the interval A-C, since it is double the diapason, 

is consonant. And so it is either superparticular or multiple. But it 

is not superparticular. For within a su~erparticular no mean falls 

proportionate-wise .(III). It is therefor~, multiple. Since then two equal 

intervals, A-Band B-C, when compounded make the whole multiple {II), 

A-B is alsl? multiple. 

XI. 

The diatess~ron interval an~ the diapente interval~~ super­

particular. 

For let there be the nete synemmenon A, the mese B, the hypate meson 

C. Therefore the interval A-C, since it is double the diates saron, is 

dissonant. Therefore it is not multiple. Since then two equal intervals 

A~B, B-C, when compounded, do not make the whole multiple (V), 

A-B is not multiple. And it is consonant. Therefore it is superparticular. 

And so also for the diapente. 

XII. 

The diapason interval~ double. 

For we showed that it was multiple (X). And thus, it is either double 

or greater than double. But since we showed the double interval to 

consist of the two greatest superparticulars (VI), so that, if the diapason 

is to be g~eater than double it will not consist of only two superparticulars 
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bu:t of more - ·and it consists of two consonant infer:vals, . the diapente. 

and the diatessaron - therefore the diapason "will not be greater than 

double. Therefore it is double. 

But since the diapason is double., and the double consists of the two 

greatest sup.erparliCulars -. (VI), .th~ d~~_pa_s·?n .. c~.n~ist~ of the s .es.quialt.er 

and the sesquitertian. For these are the _larg~st~ .. B.~t H consis,t .s of the 

diapente and the diatessaron, which are superparticulars (XI). Therefore 

the diapente, since it is larger, fs: the sesquialter,· and the diatessaron 

the sesquitertian. 

Now it is clear that~ diapente and ~·diapason are triple. For we showed 

that from the double · interval and the sesquialt.er comes the triple interval 

(VII), so that the· diapason and ·the diapente are also triple. 

And the double diapason is quadruple ( TE T \O. n \o.. o~ov). 

Therefore it has been shown fo·r · each of the consonant intervals what 

ratios the containing · ( 1TE..f L txo.v Tc:AJ ) sounds hav.e to one .another. 

XUI; . 

It rem a ins to be said of the tonic \ o v L o..'i: 05 -) ·inter:val that i!_ is 

sesquioctavan [9:8J. 

For we learned that, if from a sesquialter interval a sesquitertian 

interval" is taken away, the rerr;iainder which is left is se.squioc~avan:· (VIII). 

And if from the diapente the diatessaron is taken away·, the remainde r is a 

tonic interval. · Therefore the tonic interval is sesquioctavan. 

XIV • . 

The diapasori .is . les·s than six tones. 

For it has been shown that the diapason is double (XII), while the tone 
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is ses.quioctovan (XIII). And six sesquioctavan inte·rvals are greater 

than the double interval (IX). Therefore the diapason is less tban six 

tones. 

xv~ 

The diatessaron !!_~ ~t~and ~half tones ~the diapente .!!_. 

less than three and a half tones. --- --------
For let there be the nete diezeugmenon B, the paramese C, the mese D, 

the hypaton mese E. Then the interval C-D is a tone, and B-E, which 

is a diapason, is less than six tones (XIV). Therefore the remaining 

inter:vals, B:-C and D-E, .which are equal, are less than fiye tones. 

So that there .are less than two tones and a half in B-C, which is a 

diatessaroni aµd B-D is less than three tones and a half, which is a 

diapente. 

XVI. 

For it was shown to be superparticular. And within a superparticular 

interval neither one nor more means fall proportionat ~-wise (III). 

Therefore the tone is not to be divided into equal parts. 

XVII • 

. The paranetae ~ lichani ~to ~e obtained through consonance 

( ,.\i\~::l~cr-ovn>.L JlO. c-i.;,µ~wv(o.5) thus: 

Let there be the mese B. Let the pitch be raised 

a diates saran to C, and from C ·let it be lowered 

diapente to D. Therefore B-D is a tone. Again, . from D let it be raised 
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a diatessaron to E and from E let it be lowered a diapente to F. 

Therefore F-D is a tone. 

· Thetefore F-B is a double tone ( J' ~ 10 v os ). Therefore F is a 

lichaiios. Similarly also . the parametae are to be obtained. 

XVIII. 

The parahypatae and the tritae ~o not divide the pycnum ~nto equal parts. 

For let there be the mese B, the lichanos C and the hypate D. Let 

the pitch be lowered a diapente from B to F. Therefore F-D is a tone. 

And from F let it be raised a diatessaron to E. Therefore F-D, and 

also B•E, is a tone interval. And let D-C be added in common. · 

Therefore F-E is equal to D-B. But F-E is a diatessaron. Therefore 

no mean falls propo·rtionate-wise within F-E. For the interval is 

supe.rparticular. And D-B is equal to F-E. · 'The.refore no mean: falls 

within: D-C; whiCh "is the interval from a hypate to a lichanos. Therefore 

the parhypate does not divide the pycnum into equal parts. And 

similarly, neither does the trite. 

XlX. 

irivariable scale ( ). 

Let there be the length of the ·canon, which is also that of the string 
~ I ( · ·x o ~ 6 ~- ) A-B, and let it be ·divided into four equal parts at 

C, D, E. · ·Therefore B-A, which is the lowest s-ound, will be the 

'boomer' { p 61~rv 3 , · lowest flute tone). But this .interval A-B is 

greater by a third than C-B, so that C-B will be consonant with A-B as 

a diatessaron upwards ( in pitch ;_. ··£_ trl. T~ v ' cS \· :,\~\Cl ). And A-B 



-11-

is a proslambanomen~s. The;·efore C-B wili b-e a: hypat~i:>: . di~t?n~s 

( J' L. ;_ -r o v o 5 ). Again, since A-B is twice B-D, it will be consonant 

as a diapas~n, and B-D will be a mese. Again, since A-B is four times 

E-B, E-B will be a nete hyperbolaeon. · I cut C-B in two at F. And 
. : .. ~:>" "i - .<. 

C-B will be double F-B, so that C,;.B is ·cans·onant with: ·F'-~· : G~ a di~p~son. 
. : ·. ~ -. 

So that ~-B is a nete synemmenon. I took away the . thi:rd-pa.rt - .D~;G from 
.· · . .,' ·.· -. " ...... ' .· ... 

!~ ·: .. ~ :. : .. 

D-B. And D-B will be greater by a half th~n G-B,. ·so ~hat P-B. will_. 

be consonant with G-B -~~ : ~ - ~i-ape'~t·e: · Therefore G-B will b~ _: _a ., n.-~te 

die~eugr;nenon. I set out G-H equal to ·c-13 ;· so that H-B will be 
. : .. . : 

•••. : : ! -· · 

consona~t with G-B as a ~li~pas~n: .. ~ "cind· H-··B is a ·hypate·m.~son~ . .. I took 
.} t' .;: .. 

H-K_, . -~~~ thirdpa,rt of H-B, and d-B will be greater- by .a half tl:ta:n. _ 

• : • (I 

K-H, .so that K-B is a paramese. I took L-K equal to K_,..B . and L.-~ . 
. '. 

~ ' . \ . ., ·. . ,: ·. ·. . . . c ,.. 
will be a low_ h~ate. !herefore all the stable ( - £. cr-r.w \ 'C... .S ·.· >. 

. . • ~· 1 '. .:., . . . . . • . , 

sounds ~!the invariable scale will have been obtained in the· can'?11:·· 

xx. 

!.!_re.mains to obtain the shifting c' •• ~ t \ o y £ v o u) l souqds. 

I cut ._E-B into. eight parts and I set out E;;.M equal to :one of the_Jl1.·• 

so that M-B: is greater by an. eighth than E-B. And again divi<l:h1g 
·. : : .· 

M-B into eight parts, I set out one of them equal ·to N-M •. Therefo.re 

N-B will be lower by a tone than ·B-M, and·M-B thari B-Et,. so that 

· N-B .. will be a trite hyperbolaeon, and M-B a hyperbolaeon diatonos. 
. . .. ~ . . 

I took the third part of N-B and I set out N-f, so that !-B ;is gr~ater 

by a half .than N-B and 'is consonant as a diatessaron .downward .. ... -.
7 

· . :.-: 

) .... . -. . - . . ... . . '. ) ' . . . . . .. : :_.. .. . . .. 

( ~Tl~-- T~ v ~O..~ (, Tv\\ a:_· ) .and f-B i~ a trite <liez·e·ugm:enon •. A.gai~ t_a_king 
. . .· . .. . ~ . . ~ . . ... . 

. ;,;. . 
half o~ .:l-B, I set out !-0 so that 0-B is consonant ·with i ,-B as a ~iape~te. 

·I · 

• • • · .1 ; 
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Ther_e_fore 0-D will be a parhypate meson. And I set out 0-n equal 

to i-0, so that TI -D is a parhypate hypaton. Now I took r [= (] - p 

the fourth part of B - r [= <:] , so. that .P-D is a meso~ _ diatonos~··-- ~ 

D. Text 
.. • I : 

I have used: ·· Euclidis Phaenomena et Scripta Musica;. ed.~ .H •. Menge~ · 
·T-eubner texts. · Facing Greek ai:;id Latin •. . Large parts of_ th_e t~e(!.tis:e 
are quoted by Porphyry, Commentary on the Harmonic~ 'of .Pto'~emy·, 
p. 98 £. , and by Doethius, ,2!! Music, IV, ii. - . 

C. Author 

Euclid is said to have- writt~n - an Elements of Music. In our·· 
manuscripts two short .t>;eatises -are attdbuted to Eucli<;i~ the present 
Ko..v~vo s K o;ro.\~~(Sectio .Canpn_is), and an . Et O'" °'.Y c.o '{ 1: &.o-t ... ov" "~ 
{Introduction to Harmonfos). The· fatter, is in a way, , co:mplementary 
to the former -;ince it deals with the fitting t?gether { . J: f.? o· 3 (LV' ) 

of intervals into scales or systems ( au a'V\f.A C"\To..), as the former 
deals: with the estab.lishment of these intervals { d L Q.. o-Tv1 J.A C\. To.. ) 
themselves. Of these, the Harmonics is by one Cleonides; the author 
of the Canon, at least in its present form, it not certainly known 
(see· Menge,· p. XX.XVII f. and P. Tannery, '.'lnauthenticite de lei: 
'Division ·du. · Canon-' attribuee a Euclide?f" (Proclus .de L:ycie, Les 
Commentaires sur le premie~ ~ivre .des ele'me~ts diEuclide, trans. 
P. van Eecke, p. 62, note 1.) ~~t looked into the matter much, 

• .J -. 1"' I ;) \. I J . ~ 
but since ... " :f..~ . -r~ :TO v 'w<.o. vcvo) Eu i.< AC-"-_ o _u .'AQ. T°' T .o}A ti ·.'.'. o~c~rs as a 
reference in P9rphyry ·'Commentary on th.e Harmonics· oLP:tofemy_·_·:· - · 
(ed. During, , p,. _98, 19;-92., 3.0) I shall here speak ·as if he were the _· 
author, though it. seems, to me that the assu~ptions of the Canop. a .r .e 
pre-Euc1idian;. se;e Se:ction G. 

' ' 

D. Glossary (except Scale) 

l 

· · Canon . - KO...VQv'_ -; ~uler or measuring rod. The musical canon is one 
on which .th'1lm.uei~a~ intervals are lllathema~ic,ally marked off by · 
notches, so tha~ :-when #)s laid aforigside ari undivided st.ring, the 
string -can be divided l;:>y -m~ans _ of a b~idge so as to have the proper 
compa;rati.ve pitch. Single~stringed instruments of this sort, called 
monochords, were apparently_ ~sed to .:_st.l:lclY pitch. Th~ K o.vbvo5 "'a 1c"'-, 
justifies mathematically the division of the . ruler itself. (See Prop. '~"1 
XIX, and Nicomachus iI, .x:xvii, 1, ed . . rildo.!3e, ~~te. 1.) . 

Diapason - Jl~ ·no.a-w .v; ,"through ~ll" · t~e ~~al~is tones; the iriteryai 
from the first to the last note; the double interval; the octave. · 

* Memoir~s Scientifiques, III, p. il 3 f. L but is .-· now accepted to he -
Euclid. 
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J ' I • 
Diapente - Lo.. \\"""~ '-' "T £. "through five" of the scale's tones, 
the interval of the fifth '.'Vhich exceeds the fourth by one tone. 

J ' ( Diatessaron - LCA ..,.-£.crO-o.('Q\I; "through four" of the scale's tones, 
the interval of the fourth. Four degrees up or down on the scale, 
which comprise in the diatonic scale, . where the semitonal interval 
is a minimal, either five or si:x semitones, while in the enharmonic 
scale, where the minimal is smaller, the range in terms of. semitones 
is wider. (See Scale unde·r --diatonic, enharmonic). These intervals· 

·are variously arranged within the diatessaron, depending on the. genus 
and the part of the scale. 

Diatone - J L ~To v 05 the whole-tone interval 9:8. 

('\ ~I 
Doubly Compounded - d lS o-u V\ £.. (V , bis compositum; compounded 
to make a duplicate ratio. The "doubleness II c»r "twoness II of .the 
ratio comes out directly in the algebraic notation for a:b cp. b.:c, 

·namely (~) 2 = (~) 2 , see Thomas~ Dradwardine, His 
Tractatus de Proportionibus, trans. H. Lainar Crosby, . Madison,·, 
1961, p. 20£. . . . .. 

Double 
ratio. 

J \.'}" \.~.C-'L05 ; either the double ratio 2:1 or the duplicate 

Duplicate - J uT l~(.l'\<l'~ duplo rnaior; Euclld V, DeL. 9 ·: "~':When three 
.magnitude's are prop~rtional the first is said. to have to the third the 
duplicate ratio of what it has to the second. " · :· · 

Greater by!: half than - ' ~}:Al oA. LO~ "ha~f (a.~ain) the wbole", the 
number rby ~third~ - ·ttrLiflT'05; '.'a third besides 11

, the number 
~3 • . The cumbersome Engli~h phr.ase, which is the Latin "duplo . ·. . 

\oj'\.~''"0""'"'3 . c. A .,,. .) , / maior quam",has been used, ,_that the fact that c "Tou e, · f.O°tlV 'IJ-lLo-
2 · 3 . A\os does not mean A = 3 D, nor really 2 A = B, but describes A as· 

conta ining t h e whol~ :and a part. b.esides of B, i. e. as a superparti c u lar 
number. 

lntervai - . t L6_ c:r T""\,.M-:"'. '- "distance''; Th~on of Smyrna, E;xposition 
~Things Mathematical Useful~ Reading Plato, . ed. Hiller, p. 81, 

f:> £. defines: ''Interval differs from ratio,, ~inc e: interval is that which 
is inbetween terms which are both of like kind a.nd uriequal, while 
ratio is simply the ·relation to each other of term's of llke kind. And 
therefore ·there is ho interval between equal ter~s' ' while their ratio ' 
to one another is one arid the same, namely that o:Cequality. The 
interval between unequals is one and 'the s'ame' 'from either rte rm] to 
the other, but the ratio is other and opposite from either f!~rm] to the 
other. " .:. · 

Aristoxenus, Harmonics l, 1:5, . 1. 25 £. defin~s: "An interval is what 
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is bounded by two sounds not having the same pitch. For interval 
se.emsJ speaking generally, to be a certain difference of pitches 
and~ place receptive to sounds higher than the lower of the pitches 
bounding the interval and lower than the higher of them. And . 
the difference of pitch~s (, -r ~CJ~ L.S ) is in being more or less 
[high-] pitched ( T~T~C'04.'- .. ''tensed")." 

Th.e most thor9ugh discussion, with many pertinent quotations, is 
in Porphyry's Commentary~ the Harmonics of Ptolemy (ed. D8.ring), 
p. 91 £. ~is .passa·ge -~~ useful, .and _perhaps worth presenting a 
translation of, _·but s-ince it is rathe~_.long and. the. Greek rather easy, 
I omit it here, but will be glad to help anyone inte:r~sted in doing it • 

. Mixture pf .voice 
1 

- K ~ ·c_ ~.S _"t"~ S ~£.Jv~\' !emperati~- v()cis_ ; _=i~-:: 
this context Vv ~ as distinguished from ~8o'f~ o_s ,. sound, appears 
to mean comp<:>site., ,I!lus_ical .'.'voice :" e.g. whe~ an .instrument ·.; 
"speaks" through several tones as distingui.shed from an isolated ... 
sound. Euclid , _.Introduction tp Harmonics, p. 186, 1 .. 7: . -"sound : 
then,. is the tu~eful falling ( IT.Tc':_;c:1_l5 ~ut..Av\s.>· of the voice ·on .. 
on.~ pitch." Cf. Ptolemy, Harmonics, ed. Durmg, p. 35, . Z6: 
''Con.sonan~e is the. falli.n:g in the same way and the mixture of two-_: 
sounds differing in height or depth. " 

. . . . . .. . ' I > . • . . .· . . .I' .. , . . . . 

Mult_iple ' - _Tio.A>..~ n,\o.:a-·"0 s ' - ~ultipie~; Euclid, .v' . n 'ef. Z: "The 
greater [magnitude] is a' multiple'(){ the less when it is rn~asured 
by the less 11

; - VII, Def. 5: "The greater number etc ••••••• "· It 
is also the name of the ratio ·'between such magnitud.es .or number.a. 
I have translated it either as n~un or, as adjective, whichever -seemed 
smoothest. 

'- I \ 

Sesquialter - V\.f-UO/i .\. 05 
cf. superparticular. 

Ses quioc tavan - · · ~T\~'iJo;_s' 
cf. superparticular. 

h . 3Z 1 3 • t ; .t e · ratio : , a so Z as 1n e ge r 

. . 9 
the ratio 9:8 , also B as inte.ger ~ ... . ,. 

) J 4 
Sesquitertia.n , -. -.~\Tl \f "-ir 0 _s ; the ratio 4:3, also 3. _qs int~ger,. · 
cf. s~perparti¢upf;r:~ _ .. 

. . . ·.) . I . . . . ·1. . . . . 

Superparticular . i. ~ .. f~L.r·~~l.C~j ! ' ·-~part besid~s-~!; '.a nuinhe":c. which 
c·ontaillS in .it~~f-:the who~~ of the .numb.e·r comp.ared with .it and some· 
part (i .. e. facto_r ·r besides:' . .. -. ·~lso . the narJ;l:e o{the .:rat.io~ · which · 
together with the multipi~ ·· rati~s form the ~ost important group of 
ratios in.mus.ic (.s~e Ptoleil)y,, . Harm.on~cs, I, . 5, ~ .. 13 £}. _The 

.. gr~ate.st11 superparticular . r·atio~ are 3 :Z and ~: .3 • . ,(°See Nicpmc;l,chus, n, 
·ch. i ff.) · · . . · · · · · · · · · 

- ~ _Superpa·rtient 
) '. . . .. r' 

~r:ti· f.1 S .• a ·number which c~~tains in itself the 

. . - ... , .. . . . 



-15-

whole of ~he number -.compared and more than one part (i. e factor) of 
it, e.g. 3 , 

1 i . Also these ratios; . the supe~artients form the 
second great class of ratios. · 

E. The Sc(3.le 

f 

Scale - ov cr.T1 .f'l.O.. .. , Aristoxen~s, .Harmonics, I, 16 defines; "the 
scale is to be thought of ( vo vi "l. £. o V · J as s·omething, compounded 
( o-0 v 8 s. '\ O"\/ ) of more than one iri~erval ( J L ~- 0-Tjj"-CA)." 
These are the names· of the tones ( . To\./ o L. , "tensions, "pitches, 
or keys) and their meanings: 

' . ) 

Proslambanomen,<;>.~ · -:-_ .rr. roc:rAr~ o...vo ;A£. v o S; to~e . 11taken in addition." 

Hypate - ~"~'"\ Cxof d1) ; the ''highest" (string). 

Parhypate -

Lichanos · 
forefinger. 

f 

~o., fU t\tA T~ 
I . . . 

· ,\lx~vos . ; , Hforefinger, " i. e. plucked with the 

Of these, the latter three ·belong both to the hypaton - ~ 11'~\C..'.Jv' 
the high.est, and again to the m ,eson . - ? i cn.0 v , the middle , 
tetrachord. · · · 

Mese ' - ?- ~c;~ (>(0 f J1 J 
I 

Paramese .. "CTC\.\°':JA £.CJ\ 
Trite -

( 

"'"ff LT1 
' Paranete - Tt°'f°' v ~ -v ~. 

"middle 11 (string). 

next to the "middle. " 

the "third. 11 

"next to the lowest. " 

the "lo we st. " 

Of these, the latter three bel~ng both to the diezeugmenon-d\.t)t.vyr~VCJV, 
"disjunct" (or in alternate system the synemmenon - m.Jv1r_rlv-w v , 
"conjunct") ~etr_achord and to the hyperbolaeon - u Trt, ~ {?> o).. 0-~Qv, 
the "additional," lbwest tetrachord. (See the Harmonics _£!..Aristoxenus, 
ed. H. S. M'acran, Oxford 1902, III 58, and Introdt.ict~on, V· 10 f. 
for the difficult and somewhat useless subject.) 

As the name of the lichanos shows~ the_ tories are narhed according to 
their position on the stringed instrument and ~ acco.rding to pitch. 
The nete, for instance, although the highest in pitch, is the lowest 
in positio·n. This makes good sense if we remember that pitch varies 
inversely~ string length, so that the string lowest with respect to 
the number of its length is highest in pitch. · 
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Genera - Y i- v r, (of scales) :: There are three kinds of scales; 
diatonic, chromatic and enharmonic (Aristoxenus, Harmonics I, 17 and 
22 £.-)' For _the tones named. aboy_e have po.sitions only relatively fixed, 
so that the intervals · between them may be ... shifted. H~re is tl:le 
comparative distribution over two tetrachords or an octave, omitting 
the chromatic sc~le, which does not appear in the Canon: 

Enharmonic 

3 1 ·1 · 3 
4.tone di tone · 

4
- tone -

4 
·tone diatone ditone 1 - tone 4 . 

~ r-~ ~ ~,--A--..-. ~ .~ 
nete paranet'e · trite · paramese· · mese lichanos parahypate hypa.te 

'---v--_.; ...__·---y---J ...___,...,,------' ..,__ ---..r-___) ""----....r----./ '----y--·- .) '----~ 

diatone diatone diatone semitone diatone diatone semitone 

Diatonic·' ·'-------"'"----------------- _; 

The enharmonic scale is, therefore, constituted predominantly of 
multiples of quarter ton.'e~» and ditone-s - J ;._To '-'<>1.., double tones, ~~ile 
the diatonic scale is predominantly constituted of the diatone -
i.e. the interval 9:8, also called the c~l({._a-y,, }.~CA. T~vo5, ,·'tone interval'' · 

I / 

(distinct from 10,10 5 meaning pitch or ·key). . 

• : . I •: 

I. 'I,'he . last term . in the continuous: propo~tipn beginning. with a ':.ab is 
azb·. · Therefore a measures it. ·. ·. . . · · · : . . · · · · · · · 

II. If the duplicate of an interval is a : "az b, th·e .- origin:al inte·r~al 
was th~ multiple interval a : ab. : ·, · . 

Boethius~ IV, ii, gives a variant of this p~,a~o.sit.ion .. inter~sting . for the 
discussion of ratio presented in G, (references toEuclid added)'f ,. · 
"If a multiple interval is· duplicately multiplied (m.ultipHcetur), the 
interval which results from that multiplication will b~ multiple~· Let 
there be a ·multiple · interval B.-C and B ):· a multiple of wha:t C is, and 
let C :}?: :B:D (Euclid VI, 11; IX, , 19). Since then B is a multipie of .. ··. 
what C- .is, the ·term ·c measures .what Bis., :be it.· twice, or th.rice, :·or 
more (Eu~Hd V, Def. Z)~ But C:B: :B:.D. · .Ther.efore.th.e t .erti;.B · 
measures ·what D is (Euclid VII,· Def. 20).,;_ and for th~s .reason also the 
term C measures what Dis (Euclid .IX_,_·11); th,~refore D is a multiple of 
what t 1s~ .~d -th~ interval ·n ... c-· has resulted from. ithe interval ·B-C being 

·-~?E:_biy c9i_iip9_~n~ed and coupled with it~elf ~d mt;litipiie~duplicately 
( ex composite bis copulatoque sibimet et per binarium · 
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multipllcatb-: B-C inter.vallo). ~ ~s~~ be proved in numbers~ 
For let B, the doubl~, be to C as the binary is to the unit, so that 
C :B: :B :D etc •.••• ". 

Tannei:y, op. cit., p. 215, calls Prop. II a paralogism since it uses 
the unproved conver.se of what is implied in the preamble and used in 
Prop. I, namely that if an antecedent measures the first consequent it 
also measures all the others. Euclid VIII, 7 would justify the converse. 

III. The root ratio ·of the superparticular ab : a 2 b is the non-multiple 
interval a:b. 

IV. Let a:b be an interval of primes, then so must its duplicate a:c 
be. Otherwise· a = ab -by II, which it does not, and ·also the mean falls 
within a:c which is impossible hy III. · 

V. If the duplicate .of a:b is a:c, b is a non-mlJ.ltiple of a, or the 
duplicate would be a 2 b. 

VI. 

VII. 

3 4 
2 = 2 cp. 3· 

3 
2 cp. - · = 3. 

2· 

VIII. This is de-compounding or 4ompounding with the inverse equivalent 
to division in ~hers. ~ deep. 3 ~ ~ • ~ = ~. . : 

9 6 9 
IX. (-) ::: 531 441 ., 2, i.e. - is to be 6 times compounded with itself. 

8 262 144 8 

X. Since the octave is from the highest (hypate) to the middle (rnese) 
and again from the middle to the lowest (nete), compound these to get 
the douple-diapason, consonant with the diapason. By the preamble it 
will the.refore be multiple. Then by III it cannot be superparticular, 
and by II the compounding ratios. are multiple. 

XI. A-B and B-C are diatess_aron intervals in the conjunct system. 
Their compound sounds dissonant, and is therefore non-multiple, so 
that A-B is non-multiple. But it is a consonance, hence superparticular. 

. . - ' ' . . 2 
XII •. The .diapason is doub~e; for by X it is multiple, i. ~· at least i' 

·and by VI .• 2 = Z cp. ~· which are the greatest superparticulars. 
If therefore the· diapason, does not cbnsist of these it consists of more. 
But it consists of· only .two intervals, the diapente and the diates saron. 
A porisrri adds that therefore the diapente = ~, and .the diatessaron = 1

3
, 

' ' - 2 

.XIII • . The. si.ng1f .t°'fe in9erval ~s the dia~~nte le.ss the diates~aron. 
By VIII this is - • - = - .. This proposition brmgs out the simple 
mathematical r~lation 0¥ the Canon to intervals: subtraction or addition 
of sections of the canon is equivalent to divis_ion or multiplication of 
intervals. 
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. 9 9 6 
XIV. diapason = Z, tone=-, so that 2.<:(-) • In this and the 
following propositions partic§lar tones whi~h might contain the intervals 
under discussion are given by way of illustration. It should be 
kept in mind that the ''tone interval" is one definite interval, i.e. 9:8, 
while the "tones" whose names are used are various pitches which 
contai?1- the intervals. 

XV. In the tone .aequence B-C-D-E, 

. B-E = diapason = Z< 6 tones = (2) 6 
8 

less C-D = diatone 

equals Z B-C 

9 . = - = 1 tone 
8 

5 tones 

so that ·B-C = diatessaron' Z !, and B--D·· = diapente < 3 ~ .. z 2 

XVI. Since no meap. can fall between 9 and 8 without dividing the unit, 
~ cannot be dec~mpounded. . . 

XVII. diatessaron 
) 

/_ diapente 

tone tone 
F ·--D -- ·-B--E 

diates saron 

L 
diapente 

so that F-B is 
a ditone, which is the interval between nete and paranete in the upper 
tetrachord, and between mese and lichanos in the lower tetrachord of 
the enharmonic scale (cf. Scale). Tannery, op. cit., p. 214, observes 
.that while Props. XVII a~d XVIII assume the 7nharmonic, Props. XIX 
and XX assume the diatonic scale. Since the enharmonic was the 
primary early scale (Aristoxenus, Harmonics I, 1), Tannery infers 
that XIX and XX belong to a later version of a pre-Euclidian Canon; 
their presuppositions coincide with those of the Timaeus, but are not, 
Tannery thinks, taken directly from the dialogue, but rather borrowed 
from Eratosthenes (third century B. C. ). 

"Obtaining through consonance"; a technical phrase (Aristoxenus, 
Harmonics II, 54 ff.) for the method of constructing the scale by 
succesively compounding the perfectly consonant intervals: diapason 
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~(2-l)~ di.apent.e (4-3), diate~saron (3-2), either upwa~·d or downward, 
but keeping within the interval of the double octaye. (i. ~- 2 :l .. cp. 2 :1 = 4:1). 
In this way. the comparative . strb1g lengths even ·of' dissonant (i.e. 
superpartient) intervals such as the diatone are found mathematically 
{precisely as is done in this proposition), and so the pitches of all 
the fifteen ton~s of the 1coinplet~ 1 

( .,- {.A£. L- ~ _) $ystem. This method 
is presented in Ch. VI of the Freshman Physics Manual. The words 
A <:A y f-' 6'v w and )-,. q '\> 1..5 are used in Euclid (V, Def. , 1 Z f.) for 
"taking" or constructing new from ~iven ratios. 

XVIII. B ton:e F-.-- C __ D tone E 

diapente 

diates sarbn 

B-C 
1

is a diatessaron, and thus D-E = B-F, tones. And D-B = E-F, a 
diatessaron and thus a superparticular (XI) within which no mean can 
fall lichanos to hypat'e~ ... Therefore the parhypate between these cannot 
form a sub-duplicate or half i~teryal. 

Now Aristoxenus., Harmonics I, 24 ·defines: "Let what consists of 
two intervals, which when compounded will comprehend an interval 
less than the remaining fourth \2f ~he . whole tetrachord], be called 
pycnum (i.e. the "dense" I or unduttable part of the canon)". Now 
for the upper enharmonic tetrachord (cf. Scale): 

l 
mese di tone 1 . h ~i ton_e -- h t. Ji.._~one _ h t ;ic anos- . - par ypa e · · -. . ypa e 

5 • 2 cp •. 
- 4 8. 

- ~o ~ that lichanos· ~ .. hypate' l.s a-._pycn:um~ -~thin ·which the parhypate is not 

.. a~~~· 
. . 

-. -> ' 

'l. • • • • 

. ..1 :: : 
.. ; .. . : 

. f ·_ !• :_. 
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XIX. Cf. Also Diagrams, E. Scale, 

A 

l 
B 

I. diatessaron: 
II. diapason: 
III. double diapason: 
IV. diapason: 
V. diapente: 
VI. diapason: 
VII. diapente: 

VIII. diapason: 

L 

H 

- )_', \ - - -- .f )', .),_-)~ I'.~ -
Li : . 

(- - - - j '.d-.­
y 

.Y'.lL ~ ·· · -. - . 
G 

-- ?~I:~-> 

F - - - _ ..... -
.:il 

I 
1. 

1 l ! 

proslambanomencis - lichanos hypaton 
proslambanomenos - mese hypaton 
proslambanomenos - nete hyperbolaeon 
lichanos - nete synemmenon 
mese - nete diezeugmenon 
nete diezeugmenon - hypate meson 
hypate meson - paramese 
paramese - hypate hypaton 

The intervals are taken upward in pitch if the first string is longer 
than the second, so that their ratio / 1; otherwise downward. 

Hypaton diatonos = lichanos, cf. under XX. 

The "stable" sounds: [Euclid] , Introduction !_o Harmonics, 4, 1. 2 f. 
defines: '' ••• stable ( t u-101 £.S ) ·a.r·e those sounds which do not , .. -
change with the di,fferences in genera, but remain at one pitch_ ( T J...c: LS ). 
Movable ( \-<. l v ou Jvi s v OL ) , on the other .hand, are those which .. a.re 
affe~ted _in the opposite way". He then gives a list corresponding to 
Props. XIX and XX. 
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~~invariable scale": ~· 11, 1. lf. "The invariable ( ~;;--~,~~o>.ov) 
scale differs from the variable scale, as simple scales from those which 
are non- simple. Now those which are fitted together about ( ~ ~yo v- -

j-A-~VG .. Tff os ) one mese are Simple, those about tWO double, those 
about three triple; those about more, multiple. But the mese is that 

)/ 

which enables a sound to carry out its function in the scale ( E. cr 1 l . 

~ e 6 ~'{ O\J J~v CA.JA-\.5 ) cf. Aristoxenus, Harmonics, ed. Macran, 
p. 241. The technical meaning of "invariable 11 and "variable" are 
non-modulating and modulating. Those scales are modulating which 
are tuned to more than one mese, i.e. tonic. The tonic, as its 
name indicates, is the very-;;;nter of a scale, with reference to · 

• •••• 

which all its tones are heard. When there are several such cente.rs, so 
that the reference can be shifted, the scale is said to be non- simple. 

XX. Cf. Also Diagrams, E. Scale 

I. ~· t.one: 
n. tone; 
. m. .di<}.tes saron-: .. 
IV. _diapente: · 
V. diatessaron: 
VI. diatessaron: 

nete h}'p~to1i 
diatonos hyp?.-ton . 
trit~ llypaton . 
trite diez~ugmenon 
parhypate meson 
lichanos hypaton 

r 

,. p 
-Lf-. 3 -jt. 

v\ 

l 

i 
I 

l l 
diatonos hypaton. 

- trite hypaton 
- trite diezeugmenon 
- parhypate meson 

. - paJ;hypate hypaton 
- diatonos me son 
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Again, since all the st'ring ratios (except the last) l.. 1, the 
intervals (except the last) are downward in pitch. 
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Diatonos meson = lichanos; diatonos hyper. = paranete for the 
diatonic scale, see [Euclidl, Introduction~ Harmonics, 4, ls. 1, 
4, 14. 

For the "shifting" tones see "movable" tones, under XIX. 
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that the world itself i_! learnable ( ~Q ~vy't' ~ v ) , that it can be 

itself, literally, even bodily, caught in an account, and that this 

account is mathematics. 

Now it seems to me that there are several places in mathematics 

where the more clearly things and what is done to them are defined 

and elaborated mathematically, the more obscure become the things and 

what is done to them as objects in the world; :Perhap$ thi$- is · true .for 
. ... . . , , _ 

all mathematics and happens at the very beginning of the science~ 

but I mean nothing so radical here. Rather, · having assented to 

and in some way understood the beginnings, I find that there are 

certain places where new departures are suddenly taken which 

are not quite explicable in terms of what preceded. I am thinking 

in particular of 1. the formation of proportions of ratios between 

different ~ of magnitudes; 2. the operation of compounding ratios • 
. _:; 

It seems to me that the notions which lie in and behind the Canon 

make these two matters more understandable than those which a£e 

found in the Elements. Clearly, the investigation of this will in the 

end also be useful for thinking about the relation of "technical 11 

mathematics to the world. 
. : . . .. . . . ' . 5 

(By "world" I mean what I live in and by · 

just what is usually me.ant.) 

It is necessary to set out what the writer of the Canon, had he 

I 

thought about it, must have meant by ratio ( ~ C? '( D S - logos). 
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The first use of A.i:y'1-J , the verb from which logos comes, which is 

cited in the Greek lexico~ (~i<ldelland Scott) is Ili~~. XXfil, 2396): 
'' 

"then let us gather { A{, y w / · £.V ) the bones of Patroclus the son 

of Menoetius "---from the ashes of the pyre, Achilles means. In 

Greek (and in English too), "pic~ng out and gathering up" thus 

have the ~~me name as speaking and reasoning, for this is what 

comm~nly means. For sorting out like things and collecting them 
,.. . : . 

are human deeds within the world which are very naturally, and 

perhaps, of necessity, accompanied by counting up, naming 
. · . 

. If . . ti 

Uthe number of", telling "the tale 11
, giving an account ; and these 

. : ~ .. : •· . 

latter phrases show how this kind of speech is taken as fundamental 
·: 4• : '. 

. . 

to any speaking, be it explaining, or excusing by giving reasons, 
. j. -

or even story-telling. ?f . This connection, in dee~- ~-~ in·. w~rd, 
' . 

_) a. I 
between the number of things ( Q \ "-vr o ~ 

.' .. _·;· .. . ··. 
-arithmos) and speech 

) lies behind {though perhaps not in) the ''purelyH 
:.· .. ·· 

mathematical notion of ratio. 

Now what · it- is ·· in t-he being·of things that ~he language takes note of 

in these coincidences of name, . ha'S· several--- not.very-many---

intelligible for~ulatioris- . ·I·shallb:riefly·des·cribe that --naive S) --

one which seems to me to underlie· ;the Ca·rion. - : .'¥" . 

i, •• i" ~ : . 

To someone. who wonders what he is doing when he counts things 1 the 
. .... . ·• 

thought might ~irst come that he is doing nothing but repeating in and 

~ccomp~ying wi,th his thoughts t~ed~fng~ ofhi~ hands. 9> But if he 
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.asks .him.self why his '·hands sh~uld be ab"ie to grasp distinct 

things and gather them into collections, he might come to think 

that this must be because these things had been distinguished and 

collect~d for hi~: b~for~hand:, and th.at. his hands ;;e·r ·e·, in fact, 

repeating the d~ings of thoughts. He might co~~l~de th·~{things in 
. . 

the world could not be .. re:ally iliff~rent ' fr~m thoughts, and that he 

. · ~ ~ 

could account for his ability to handle and learn about the world 

best by supposing that whatever he grasped, be it by hand or in 

. . . . I .. 
thought, must be a thought thing ( v O V\ TOv' ). But since he began 

by trying to unders.tand;his ability to coun:t, he -would suppose the.se 

thoughts --- and therefore thinkable ._: __ things to be like that which 

- - . . I •. . - . ') <\ I 

is both made by and used in counting, namely a,\\. v /l OL --- numbers. 

Then~ having noticed -that ~tory-teliers love long counts and seem to 

consider these essential to their tale (as for instance Homer in the 

Catalogue,£!_ Ships, . (Iliad ii, .484 £.) ·and that. kings require them 

(Republic 522 d) --- having noticed also those coincidences of words 

for counting and spealtj.ng, an?· se.eing many, other such pointers, _ he 

might .~sk himself to . .what ' they, point • . .Then it might come to him 

l 
that the very wo;rds which have caught __ hi_s ~ttention ( /\ o 'j o ·\. ) , are 

a distinguishing and gi;asping hand to his thou_ghts, and that his . 

thoughtful, reasoned account ( A~ 'f o 5 ) is the gathering and 

col-lecting embrace. And fin~lly it might come to him that only in 

being spoken by him and heard by . another do his -lOgoi seem to become 

truly themselves • . And so he would have the rudim:ents of an account 
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of what there is, an account which closely connects word, number, 
~h ( : • • 

account and sp~ech. ---The order .of thinking, . the words, and the 

tenor of feeling in this .sketchy· d~scription are debatable, but ~ 
.' ::: :~ ~ ';": . . ~ . 

such ':_luster ?f ~nsi~~t_s m_~s~ be kept in ri:1ind fo:r what follows • 
.. 

To . return to fogos in ·mathematics: When two people feel friendship 

toward One another, it will not .be too much to say that two con-

gfome.r.ations of intractably Unlike parts ~re joined in a relation which 

has irieXhaustibly many respects --- but when twq numbers have a 

ratio to one an6ther, •two magnitudes of~~ ) 

. . . . ,· ' I I '-

are in a sort of relation in respect to size ( i< ex To. IT~'\ A\. v, o T V'\"t 4 no ~ Q. . 

ax_~ () LS.\ 

Euclid, V, Def. · 3). A relation between numbers is therefore very 

' ' 

different from a human relation, or so it would seem. For friendship, 

or 'what is between friends, is distinguishable from the friends 

themselves, . and those who are friends are not, usually, ''by th_emselves" 
. . . 

what they are toward their friends". IO) But ~hat is between numbers, 

that is~ · their ratio, is neither more nor less than some sort of 

,, ~ 

"hold" or bearing (ax£ a~,~ " f_)(W " !2.. hold" - the German -

words: Haltung "bearing" --- Verhaltnis·s ·"ratio" are just right) which 

holds them in a certain order of pre-cedence and which ''relates" 

them in the double sense of "collecting" and "tellingfl them. The 

ratio relation of 2 to 1 is exh~mstively stated when I ·put down 2:1. 

The terms held together in .this way are the logos · •-- there is 
' . . . . -

nothing in the logos but they themselve$ •. ll) · .The lo.gos is simply 

the "address" that numbers h~ve toward each other: " number 
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makes all things have address toward each other hrfoo-~/o\~ ~AA,Aol5)', 

PhilolaQs {Di els · I, p~ 411, 19). One of the terms is, to go even 

further, a part or parts~ the other, so perfectly does their relation 

absorb them. Furthermore, although, as is usually conceded, not all 

people can be friends with ohe another, every number can be in ratio 

with every other number, and only the non-numbers nothing and 

~infinite (neither of which~ anything) are excluded from this 

universal bond .. 12) . The kind of account, therefore, which is a .A~yD) 

1 a logos in numbers, is peculiarly complete in 

itself and thoroughgoing in application. This suggests from the side 

of mathematics that it might be desirable to attempt an account of 

things in numbers, that things are best told in this way. The preamble 

of the ~n was written by someone who is very much aware of the 

"telling" nature of the numerical logos --- four times he uses the 

somewhat redundant phrase £ v \ ~ y "; A~'( u,.EJ o.' - " said tE> be in 

ratio ••• '~ Furthermore those ratios are most important for him 

which can be said with~~ ( £.v ~ 
.) I 

ov o µ °'' L ), which, as it 
/ 

happens' is the name of the antec-edent number of the ratio (see 

Section D, Superparticular) .. 

The Canon, then~ states that sounds are to each <Dtber as these ratios 

of numbers. As it turns out, it is not-only the rea~on given for this 

assumption which is faulty, but the assuinption itself is not quite correct. 

' AJ I 
Wonderfully enough it is the human speaking voice ( /\01 L \< Y\ \ w v V\ ) 
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itself which, being continuous in pitch rather than· di.screet, would, if 

expressed in string-lengths, yield some· incommensurable lengths 13) - - -

and so the human logos is·, as it wer~, the very embodiment of the re-

futation of the power of the numerical ·_logos. But this does not touch 

the immediately importa'nt· assumption of the Canon, which is more 

special but also more remarkable, namely that sounds which go well with 

one another, s·o-called consonant sounds, have to ea·ch other the ratios 

ma~e of the smallest numbers, and that all the other "music al" sounds, 

consonant or disconsonant; are in number ratios. 

What happens between sounds is called "interval" ( J L c{_ 0-TV\JA- Cl} 

and is, in definitions·, distinguished from the ratio relation (see Interval, 

Section· D). An interval is, in fact, ·that which is contained inbetween the 

' 

"the containing· sounds ir). It is a· distance across which one term .faces 

another, gives the other its effectivene .. ss and, quite literally, "effects " 

the other by arousing it as overtone. 
14

:) It is something through 

which o:oe might even translate ''because of. which '!...consonances are 

J \ ~ 

heard1 be it the diapason · ( · L.O 110..erw v. :,: · "through all", the octave) 

·or a smaller interval. · The interval is · something, something primarily 

heard, also seen, and lastly _. th.ought. The distinction between the 

relations of numbers and those of sounds is made by the ancients in a 

variety of ways. 
15) 

The Pythagoreans do ·not make it. 

What intervals are, in fact, consonant, and what their ratios are is 
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again an . a .s sumption of .the: Canon. · The consonances are: diapason 

'(octave, Z.-l), diapente (fifth, 3-Z), diatessaron (fourth 4-3) • 

. It is the business of the Canon to show that these consonant intervals can b 1 

"put together" or compounded ( cr. u v T ~ 3 ~ ) in such a way 

as to "take" .( .) all the ''aisthetically' .' possible 
C-\ r-e. 

sub-intervals ·"..vithin the· diapaeon. ·When all the interstices that there hav( 
/\ 

":> I ~ 
been. ·filled .by ·this "joining!' { . .. o.... \ t>'- O J ~ l v ) proce~s, .the result 

( I I 

is a close-fitted { 1 ~ fA-o~ <c.. VOV - IntTo.duction; t2_ .-Harmonics, 1, 2) 

I 

whole, a system . a uCrT\fA-0.. .), as the ,Greeks called the .scale. 

What interstices ~e there depends, again, on the ear • 

. But · what is this compounding ·by which the scale is joined,. and what is it 

~h~t .is .. co!.l?_P~)Und~d? It is notable that no attempt is made in the Canon to 

explain this. It is simply dorte. An appeal to the El.ement~ on thi~ matter 

would not, ·in any ·case have· done ·any good, supposing it had been possible 

time-wise . .. Euclid giye,s neither a definition of what the operation is, nor 

particular instructions for how to .do it. To be sure, particular compound 

ratios, namely those comp.ounded of the :same ratios, are named in Book V 

Def. 9-1.1.; · e.g. if A:B::.B:C, then A:C is called the duplicate. of A:B, while 

Prop. 20 shows th~t the. ?:~p_licatcs of same ratios .arc again in propo,rtion. 

Also, Book VI, 2:3 .. shows that there.~ things which have to each qther 

ratios ... compounded .of other '. ratios, , namely. equiangular. parallelograms; 

these have to each other . ratios compounded· of the ratios of their .sides, 

so that compounding is shown to be a lever from dimension to dimension, 
.. ' ' . . . . . ,.16;) . 

a source of growth. By implication this might be said to show one how 
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to compou~d -•-but beyond these __ m.er~'.fact .s .not much is made 

explicit. What in the world.can it m~an tq,.-"put together" ratios, to 

compound, to "double II or "triple It ' a math~ma~ic.al ' relation? What is 

"relating relations"? (Among non-mathematical ·objects this is not 

always so dark a doing •. For instance, for human b~ings "taking the 

duplicate" is a perfectly vivid occui-rence • . The relation '' father: eon" 

is duplicated as the son becomes a _father; the resulting duplicate 

relation is "grandfather : g~andson".) 

' - . 

The operation_ -of ·compounding 15 indeed the subject of a definition (Euclid 

. · Vl, . Def~ 5). which is, howe·ver;with- good. reason thought to be spurious. l ?} 

Clearly it was added only because a. lack was felt. It runs: "A ratio 

is said to. be comp?un~ed ( o-u ~ K £ L ~j Q\:. . . ) pf ratios when the 
. . " . . I ) (.. ' 

sizes of the ~atio mu~tiplied together _( T( -~~-l K o_T vyr:-f~)° .. £~--) · [Ci. V\.a.5 

rr o 1\.A o. :rt -Ao. er t~0-3 (Lera.\. r 
, ,.r ,...,c · . -- make some ratio~'. · , Bu~. there· is and··can be 

nothing in Book V to permit multiplication . of i;atips,, f.or.·they are not · , . 

numbers and ca:nnot_ be subject to number opei:at~ons. · The definition 

is a kind of council of despair. 

··In view of this, what is done in the C'anon? The Canon compounds 

intervals, not ratios. The trick is striking, for the preamble speaks 

18) 
only of sounds in number 'ratios and the propositions deal only 

with intervals. 

The word used for compounding, o-uvT\ ~ f V CAL. '!to put together-", 
. - ' " . .... ... . ... . 

is the same as th:at used for the additio~ of parts; . that :for. decompounding, 
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or compounding with. the .inverse, is ~ ~ e>v~\ €.LV, "to subtract"; 

and generally the .language of compounding is the same as that of . 

·adding and ·subtracting. 19) . Fo:r ratios this is puzzling, qu~ : for intervals 

it makes· g'ood sense. Intervals · are ~imµltaneoU;sly added .al'ld compounded 

The dfapente (fifth, 4-3) subtracted from the µiatess~ron (fourth, 3-2), 

the. last 'bounding ·tone of the former being th~ first bounding tone of 

the latter, · gives the tone interval (9-·8,) in its mere position on the 

scale. But if I wish to make the interval effective as a consonance or 
' ' 

dissonance 
20 ~ to "fit" it securely info the system, i.e., to find the 

string-lengths which will produce it, I must compound the intervals. 

How? 

I can comp.ound·these intervals by successively altering the partitioning 

of the containing string-length.s.· '.l begin with a string divided into 4 

parts and another: of .3, .and.between these the diapente sounds. I take 

the latter, regardin:g it now as a string of- 2 parts --- so that each of the 

new parts will be greater by .a .half than ea.ch of the old. Then I "take" 

the third string of 3 parts --- which a~e· found to be greate.r by a half 

than the two of the middle string. String I and III sound the tone interval, 

a dissonance. In numbers: 

I II III 

4 3 -) 
~: 4~ -
2 2 

or 8 6 9 

To avoid comparative numbers (se~ ~ect~on D, Superparticular) . 

like the hemiolic{\\of . String, II, I: ~an, by Euclid VII, 341 find the least 



-33-

common multiple of 3 and 2, and write the proportion with simple 

numbers. 

When these s~cc_essive changes in the bounding ratios have been made, 

the intervals wil~! 11~ve : l,leen compounded. In the Canon itself, not 

three st;rings . but a monochord with a movable bridge is ~sed: 

t 
In Prop• fIX we a;re finally told how to "engrave" ( \J.,.o. TO./ f o. i O..L ) 

the canon on. _the length ( ) of board underlying a strins 

). Compounding on a monochord retains more clearly 

the nature of the operatio.n, namely the successive ~-partitioning of the 

C/ 21) 
bounding term ( 0 e os ) --- which turns out to be ~ltimately 

precisely the ability of a number to participate first in one ratio and 

then in another. 

The things compounded and the way in which they are compounded are, 

therefore, in summary: I. heard consonances or dissonances 

compounded by the operation of addition; 2. lengths of strings 

c ompounded by the operation of successive repartitioning; 3. ratios 

of numbers --.- <;:ompounded by some undefined mathematical operation. 
' ~ 

But this mathematical operation seems to be unavoidably under the 

direction of the ear, as the langG.a.ge of Prop. XIX confirms, where 

the canon, or "ruler" is "ruled" off according to the deliverance of the 

ear: "I cut C-B twice ••• so that C-E will be consonant with E-B "; 
. ----------

or~ "therefore all the sounds in the canon will have been taken". It is 

hard to see how it can be o.therwise. 
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While th~re are certainly objects within (Euclidian and 

Eudoxian) mathematics which have to each other a ratio 

co~p'ounded of others, especially those objects which have 

gro~n out of others of a lesser dimension, this is not the way in 

which tliE;y a~e ·primarily t'hought of --- he-nee their own genesis 

and with it the coining to be. 'of compound ratios -remains something 

not quite expli~:~ble · ~itb1n the mathematical context. \Jithi~ the 

worid~ on the other ·hand, .. cert.ain. items which are especially 

appealing t~ the·sens·es, su.ch as riiusical inter.vals3 are found to be 

compounded, . i. e. J to be the r .es.ults o( compou~ding ratios; indeed in . 

the next Section the world. itself ~ill -~ppear as such a compound __ ;;;.·· 

an incarnate compound. And here, within the world, compounding 

is a sensible ope.ratic_m in which the eye can see the process and the 
. .. · . .' .. -· - . , , ; . . ' .-

ear. he_ar th_e result, . a n.~_w ~-~terval. , _In fa~t, ill:. the musical 

context this operation is called "cutting the canon" { ~o..'IJO'V 1Lj'r.lv). 22 ) 

He·re we return to the ' views· ~hich.ihe writer, albeit without being 

aware of it, incorporated i~ ;the C~non. He succeeds in.'makirig 

. ·. · . ' . ., . \ e. ·.. . . . 
fairly understandable an operation ob sure in the "pure" mathematics ,... 

of the Elemen'.ts. He can a·o this ·because he does not distinguish 

between sounds b~unding an l.nter~al and number~ .set in a ·ratio, 

taking the thi~g .heard and the tiling .:cou~tea as o~e.. Neither does he 

distinguis.h thos'e reiatio~~ be.twe~·n tbings . which are more or other 
. . 

than those very things {like consonan'ce .between sounds} from those 
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relations which are nothing but the confx0ntation of these things 

(like rat'io;s of numbers), thereby showing that all things are to 

him as numbers (or the reverse:· if is indifferent). In short, he 

writes like a Pythagorean. 

To go on with the matter of proportions o~ different magnitudes: 

The terpptatlon, when compounding, to write simply: 

4 

3 
2 ~ § 
3 9 

that is, t~ multiply, is 

great, although with respect to ratios it is _a meaningless thing 

to do.. The Greeks did succumb to it, as. the spurious Def. 5 of 

Book VI shows. It is encouraged by several facts: 1. compound 

J \. I 
ratios have the names of multiples (e.g. l \\/\ o...()LOj : duplicate or 

double); 2. the multiple names suggest exponents, i.e. , the duplicate '::::: 

(~) 2 · ; 3. compounding has the same effect of raising the dimension 
b 

as multiplying numbers has (Euclid, Book V, 23 and VII, 16); 4. most 

important, the very name of certain ratios is the same as that of their 

ante·cedent numbers, i~ · e., ~ F \. ~ A~ 0 j , means the "corn-

. 3 
parative" number - and the ratio 3:2. · Why not, then, take the 

2 
logos as an arithrnos and use it accordingly? This is, in fact, what 

happens in Boethius 1s renditLm of Prop. II of the Canon (see Section .F, 

}\Jotes on Prop. II). He cannot settle in his language whether he means to 

multiply or to compound • . But .he clearly, ~ore clearly than the 

Canon, distinguishes between comparing intervals ·and number ratios. 
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In this latter _ d~st~~c~io~, n'?t yet necessary in the Canon, is 

indicated th~ reason why logoi ar~ _not simply converted into arith-

moi, why a _mille_~um lat~_r_ Galileo sti_ll retains ratios, and 

devotes the latter pages of the sixth day of his ~ New Sciences 

to finding a replacement for Euclid VI, Def. 5, which in his 

d . . f . . E l.d h . b i· . · . 23) Th a m1ration or uc i , e cannot e ieve is genuine. · .e 

reason is the wonderful fact --- and here this word "fact" is 

perhaps, for once, .· us·ed rightly--·- that the world is "in proportion" 

not in the narrbwer · mathematical sense of haVing parts which are 

magnitudes in ".equal ,,z4> ratios i but in the stranger sense that is 

proves feasible to s·ay that motions, sounds, .,strings and numbers 

have all the ·sa."me ratio throughout) are -
.) I 
o.va-A o '(OV 

though '· as objects' they seem in no way ·the same. 

Or perhaps it woµld be better to say t'~1at same ratio} i.e., 

proportion,is the bond between mathematics and the word --- e.g., 

the bounding tones of intervals have the ~e ratio as certain 

numbers , while the bond t?at ties the world in with itself is 

compound ratio --- . e. g_. , the tones of the scale or "system" 
.· . ~ 

axe taken by compounding consonances. (This striking observation 

about the w<?_rld. --- that its parts, usually against all expectation, 
. · : .. ·.. . . . . . : . . . 

are not i~ : si!J?.ple proprot~.o~al relation, seems to be the beginning 
' •' I • . • • • • 

of all .''science": .the first of the Two New Sciences begins with a 
. · , . ! . ./·· -- --

refutation of the traditional and obvious assumption a refutation 

which comes on Sagredo as a "lightening-flash" (Dover, p. 3) ---
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that the sizes of bodies are in simple proportion with their 

strengths; the second scien~e,, . again, be.gins by· establishing 
, . . . 

the fundamental compoun~ relation .which describes natural 

downward motion, namely, that in .''£ ree £.all'' distance is 

covered in the duplicate ratio of the time taken, . o:r, . expressed 
. . 

in the notation of a modern . counte.rpart of-an·cie.nt compounding, 

2 
joint variation: s o< t (Dover, p, .174].) 

. . . . ..... ,, . .. .. . . 

Now even within the · ' 'pure ~athematic s of Euclid's Boo~ VI 

there arises a certain difficulty about wha~ can be in proprotion, 

for while Def. 3 of Book V does not demand more than that the 

magnitudes of any one · ratio should be of the sa~e kind, Prop. .16 

provides for the possibility of alternating ~proportion. What 

then is to happen in Book VI, wher·e ·:ratios of magnitudes not of 

the same kind, such as lines and areas, occur in proportion. If 
: , . . e· . . 

such proportions .are · alternated non-homogenous magnitudes like 
/\ . 

. II 

lines and ar.eas will appear in .ratio, and this is simply impossible" 

(Theon, p. 73,, 18-19).' ·.So that there is a conflict between what is 

permitted and what is· pos.sible. · This difficulty, as well, is, 

though a small inconsistency within the Elements, a great per-

plexity at the foundations of mathematical physics, for t he 

fact of "mixed" proportions is, as we have just seen, the very 

condition which makes this science possible, though it itself 

remains a total mystery. Here, tooj the supposition of the 

numerical being of the world would provide a way out. 
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At this point·, however~ the limits: of this doctrine ·make a 

striking appearance~ It c:ah be shown, ' and was, . in fact, · 

shown by th~ · very 'author of the. doctrine'• that there are 

objects in the world which,' though they are evidently in "some 

sort of relatio~n11 fo one another, yet~ ·scand·a !Ously,· have ..!12. 

numerfoai" logo.s _ .. _._ .for 1nsta;,.ce the sl.de of .a .. square and its 

diagonal. 
25

) It is, of course, ~he matter of Def. 5, -Book V of 

· ~I \ \ 1 26) 
the Elements to ju~tify ~_uch irrational ratios --- Cl..-/\O~OL ./\OfoL , 

by indireGt_ly d_efining a quantitative criter~on by which the 

equality . (samene.ss is no. longer a perfectly meaningful term 
. . . ·· . . · .. . . . . 

here) of such logoi may be recognized. The point in referring 

here to :this developll?e:nt is this: at that very _moment at which 

the logos ~oose_s th.at d_irect meaning described abo~e, which is 
•. I • • ' • ' • • ' 

based on the supposition of the numerical character of the world, 
.... ; . . .. : . · . 

it be.comes as inclispens·a_.ble as it becomes opaque --- a device for 

comparing quan~itatively the r~lations of non-hoi:nogeneous things 

and happ~:nings ~n the -world, where the ralations and their terms 

are left quiie dark. In othe~ words~ logos becomes subservient 

1 
. 27) 

to ana og1a. 

; .. · 
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H. Music as Mathematics 

I 

Music, the "·Mus es 1 art" ( u. ou en \<.('l ) is not named in either of 
. I \ 

the Euclidian Script<f- Musica - the Canon or the Jntroduction ~ 

H 
. 28) 

arrnon1cs. And quite rightly. For the Muses teach 

''beautiful song
1129

) to the musician, and beautiful · song. is not the 

I 

business of the "canonician" · ( ~ o...vo v 1. v..,o _S ) who cuts the 

canon ( 1-<... a vo V
1
l) SL. 

. . . · .. 30) 
), or --- they are the same --- the 

C. I 

''harmonician" ( CA .. \ r 0 y l \.-<.. 0 ~ ). "Harm~ni~ s II, the Introduction 

) I 

says (1, 2}_, "is the theoretical as well as pradical .science ( £it .Lc'\f 1) 

of the nature ( I~~ ~ ~ ~ f W S ) of what is joined together ( \ O ~ ; r-
fo/ ~ -.;o V ). 

31
} Asa student of what is well-ordered, well-fitted, 

.. . 

bound fast, the harmonician makes a "ruler" or canon from which 
. ,. . ·. . . . . . 32) 

other instruments can be tuned. 

What is this "theoretical and practical science of what is (to use the 

Greek term) in .harmony"? 

Let us look at this study, which we will, after all, for certain reasons 

to appear later, call "music", though it is primarily neither about 

melody or song. When particular strings are plucked in sue.cession 
. . ' . . 33' 

(or together), there is heard a "wiry concord, that the ear confounds''• ; 

The ear is confounded, that is surprised, arrested, amazed --- delighted 

Those wires which produce such confounding concords turn out to have 

lengths which are to each other in the ratio of a small number to a 

small number. Those concords which seem to have affected the Greeks 
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most have the numb~r ~a~ios.: 4~,~· · ,3:2-1.· 2:1. .Pythagoras, all agree, 
· - -· .. .. .. - ., '· • # • . ~ ~ .. ..... -- .. ... . . . . ._ 

discovered this. 34) The Pythagoreans consequently swore by the 
; 

I .~ ·. •. . 

"t~trakt~y~ ,, te~ "(i~ ~- ' . th~ sum i +2+~t4}, which "sums up" 

\-.-..... 
. .. 

! , . · 

the intelli.g1bl·~ co.nc.ord ·~f this ~-orld rather than. in the dark river 

of "hatred" · (LT 0 ·~· ) ofth~ Underworld, which was the g~eat 

oath of the. res.t of the G~eeks. 

Pythagora.s' discovery p~o9laims music as the very paradigm ·of 
. . . . · . . '. : . . . 

science. For there ar.e many things in ·th~ . w.0rld.~which ,eventually 

turn out t{) be ~menable. tp._ratio, . but which do not sufficie-ntly · 

confound us in aQ.miration • . For. instance, · poth .how and why the ·.. . . .. . . , . .. , - ,' ·. ' ... .. . 

natural sub~lunary motions. tend to_wai:d .th~ earth tu.rns out: to be 
. . ·-· . .. . . : . . 

eminently capable of formulation in ~a~ios·, ... - ,-- but it -is a fact ·so:· 

often confounding in the worse sense and so little reminiscent of those 

heavently motio~s · of which it tu;~s out to be a special case, that it.s 

"mathematical" character long escaped attention, keeping the 

science . of motion from soon coming about. But, mu.sic, ·beyond ·bein·g .. , . ... . . 

inseparably both ''aisth~tiC" and rational (cf., Note l 5), is also 

"aesthetic" according to our moder~.usage of the word;~6 ) that is 

. to say, it draws attention to. thett in ~he world which seems to be m ·ade 

for_the predilection of men. Imean,. ther~fore1 that · it is a "paradigm · 

of ~cience" not in the modern ~e~se of '.'descriptive" ".physical" · 

"science", of a technique fol'. formul~ting .rules of motion, but in the 
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Greek sense of J:mowl~~g~ ) of the world, and 

therefore about a world which ~be known, i.e. ' about a thing 

which is ahd which is orderly, a cosmos. -·- (The great question is, 

of course, whethere there is, in truth, such a wc;>rld and such a 

knowledge.) 

But the cosmological possibilities of music are not exhau~ted by the 

')/ 2> 
fact that its eources are the aesthetic in o... 1.. CY \er LS . and the 

I 

arithmetic in A o "( O 5 •. The predominantly rational part of 

music (which however cannot quite escape from its sensible sources) 

is, to begin once again, called harmonics. This science, even 

(or even especially) whe_n treated . quite technically, deals with 

objects which have a strange. likeness to. the soµrces '?£being and the 

elements of the wo:r;ld. These likenesses,_ partly built into the _science 

by the Pythagoreans, but partly in the matter itself, had best be 

simply and soberly enumerated~ 

First: That from which the scale is ''put together"· or compounded is 

the interval --- J L~C:T\f <A, literally "distance" or "that -which 

results when something stands apart". This word is a synonym for 

J '-- c;'. o- I°' o- L) , ... distance", meaning "dim.ension" in our 

3-7) 
vocabulary. 

The greatest interval is the diapason --- S 1.- ~ , the distance 

"through all things". This octave interval is the perfect consonance, 

that is to say, it is heard as being the consonance of the ~ with 
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. the same{ and :yet it is not a cons onanc:~. 9.f~d~!l~ity, for the second 

bounding· tone -is· ·not,c'oinddentWith the-' antecedent but the distance 

of the whole 'awa·y '·from it ·and, comp·~'.~t .el_y~_9ther. 

Furthermore, the rounding numbers of the diapason are 1 and 2, 

which immediately bring to mind the monad and dyad, namely those 

whicfr a~e · : always· ··said tO' ·he'·the be'ginning·s of: being~ ~8 ) : The ;ratio 

2 :1~ : ae!c'ordingly, differs. frorr{ the arithmetical· -t"atio·' of .equals : 

. a diff~ ·re:rice, ·· .a.· gro\vth, .. - ci ·0 ~: v\cn:) ·: --- "growth'·' is:the"· technical 

wo·rd for dimension __ .;..,·when ·compounded, as the ratio .1 :1 cannot: 

11ahd· the ratio of equals 'wilh1ot g:toW ( 0.. ~ \ ( TCL l .. : c·) when . 

compounded" {Theort~ p. 83, 24-25; p. 107, 15 f. J. ··· Also, since 

intervals are distingUished from ratios by being reve·rsible· (i.e., the 

intervals 2-1 'and1-2 are the identical consonance, : i~e~ :, there is no 

proper antecedent or consequent, except inso.far<as the· "interval is 

"taken" upward or downward, but the ratios double and half are different . 
•. t. • . ... . 

Theon, p. 81, 11- ~. 2 ), intervals share the non- sequential nature of 

spatial dimensions. 

I 

Second: A consonance, . or ·conco.rd, -is called . 0- v r ~WV L CL in 

Greek --- what is "together in voice". This word is,- as :-in E ·nglish, 

easily and naturally used to mean "agreement", e.g. in Republic 402 d . . 

1-2: '' ••• leading young people by means of a musical upbringing 
. . .: . . ~· . 

. I 

-~ l AL CL into sameness ) 
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and .concord' ( 
Jt I 

V l...) J--\._ c..y W V ~ (J._ } 11 • 
I I 

Now the bearer of consonance, 

(" I . 

sometimes called simply "the consonance", is the interval, a "distance", 

which i's, -after all, ordinarily a source of difference: 11 
••• these two were 

:> 

parfed in strife 11 
( <) L CA- uT ~TV\ V £. y L er°'- V T E ~ Iliad I, 7). But musical 

consonances effect agreement out of difference and bind what is separate, 

so that "consonance has the greatest strength, being truth in speech~ 

happiness in life, and in nature, harmony" (Theon, reporting the 

Pythagoreans, p. 47, 1-2). 
39

> 

Third: The possibility of harmonics rests on the attunement of the human 

. soul' to the arithmetical properties of the w~rld, since ~ are to be the 

consonances depends on what I find agreeable. M0 re ~han this, the very 

notion of a musical sound, a ''voice 11 
( ~ W . y 1 , see Section D} as 

the ancients called_:it_, _ includes the idea of its _being_ an expressioi:i of soul: 

"Voice is ensouled noise ( } " (Aristotle~ 

40) 
~ ~Soul, 429 b 5-6). This is, of course, where the Muses, as teache 

of beautiful song, enter into the science of harmonics, and give it its · 

common name, music. 

Fourth: Musical intervals, or perhaps rathe:r thei;r bounding tones, are 

not only heard but also seen .and to~c;hed, namely in th~ length of the strings 

producing them ---· for instanc.e, geo~_etric;:a:l~y, i_n t.he diagrams to . 

Props. XIX and XX of the C8.;llon,-.. q:r bo_dily, in strings; Theon (p. 71) 
. . .· . . 

discusses these "visible" and tangible intervals in connection with the 

. . . ' 41) 
physical cutting of the canon. 
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Fifth: Musical sourii1s are closely connected with motions and meetings 

: ~f boclie~, as· the preamble to the· Canon says. 42) Thus musical sound.a 

. r~p.resent 'the w~rld insofar· as it app·ears to be the common source of . 

appeals to different se'l1ses, and insofar as these appeals se.em to come 

through orderi'y motions • 

.. .I • • • :: · 

Sixth: The scale ---
I 

~·. L!.. ~· '\.r~ , the "system" or the "construct", 
~ . 

is a closely fitted whole made by compounding consonant intervals. This 

means that it is a. constructed by a technician with a tool, namely the 

harmonician .with his carion-·which is, in·Jact~ 'nis tdol (Lie.' he has a 

. .· . . ·. . , . . ~I 

musical insfrtiment. fOr his· tool', ;·his ·ot y-0-- v ov "instrument'.'.; ·. Porphyry 

. by 
· p~ 22, Zi 'f~ .; cL 'Notes .. 49', .61)~ - ·b. · the rriethod of c6nstruction-is,"compoundi1 

(s.ee Secti'on .G), arid in particular by compounding consonances, . for .the 

, tones Of the · sc'~le are "taken" precisely 11fhr6U'gh C°ClmSOnance 11 ( J .L ;;_ 

0 :..J;.A--~ G..:'V ~ cx5 · - Prop XVII), as the Canoll is there to show. 

Of. th~ preceding items, what is humanly most serious, and '~·est fost 
" • • /• : 1, , ' • .: • ,., : ; .'1 I • •: •' 

.: I • '. ~ • : .: ; .. ' 

beyond recovery, is the perfect trust in the affinity of soul and number. 

It is this affinity which allows the Pythagoreans to see the world not only 

as a: 3w:ov' , :."li'.ve thihgi• 'fsee Not~ 5), 
\. 

.. - - ·~·ns~~led.". 43)' Arid 'it is : only if" it i~ ·a. 

"which l.s larger ih~ a ._·man'i but, 'like ·a ·rnan ·.;...c.apable o.f excellence, can 

ever come to life, c'an be. "put ifr rriotion!J, 
44

>. 

"{ ,:· ( ··. •·.I 5 ' : .-· ,- ._ 

The world of the Pythagoreans is conS:tituted to support this trust that 

the world, cities, and men are all alike "cosmic"; the {spurious) work 
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which the Timaeus is supposed to plagiarize(!), is significantly, 

called·: tton th·~·c6~~o·s· ~ndNature of the . Soul". Th~~· is, I think, the 
· ~· . 

.. ..> . : y·· . 
chief'thing'to say"" about them. --- for it is what distingui.shes them from 

certain · adhere~ts of modern science who feel tl'~at the Pythagorean 
11 arithmetization" ' ' · ;:, · · . . .. 

A ' o:fthe 'world pre-figures math~~~t~c~l :physics and arithmeti-
. '· . . ··. ; . . ~-i ·.: .. . 

cized mathematics (i~· e., ·analy.sis)45). I will t~y s,i,mply to describe briefly 
... l ·: ~ ~- ~- - ~. ·.1 .• . . 

. · :: 

how this .Pythagorean ·wodci is put together out :of t~e mq~ical items listed _ 

46) 
above. 

· .. ·: ! ..l 

- ' . .. . .. ·'1 ...., 

"Pythagoras was the first t~ name the container_ of _th~ w9?1e ( 1 vi v -r <..0 v 

C-1 \ 
O/\WV ) · c~s~·os from the o~der <.-' ~ ~ LS : ) in it"; 

: • • • :.· ? •• ; .; • . .. ' 

.(Diels I, 105 I z4-zs, irteraii1. "container of wholes fl, i •. ~. , a 
.. . . . ~- . ·. 

I 
... . . .. . : .. 

is the verb used of the sounds which "contain" 
r . ~ 

the intervals~) Th~ PYth;~go~ean world is therefore an orn.~ment · 
. . ~. • ~ ? . '; . : . ' 

- . 

, •·•ad.orri.ment"°>, but what is responsibl~ fo_~·; its ornamental 

appearanc.e . --- that is. t~ · s~y, both for its making an app~a~ance at all 
•' I' ' ':'. ' • · ·.: : , • 

. , ~ - . 

. _ and for its ·being delightful and "Musical", i~ the orderli~es s of its 

arrangement. 

This orderly arrange~e11~ _has s~ve:ral aspects. 

a. It is an ·order of p~iority, in which some thing,s come first and 
~· •. .... .· : .. -~ ·:: . : . {_' : 

,," : ' ' ~ :: · I : • ~ - ', 

others second. · This order mak~s un?erstal'lding .. first possible, 
. ... . 

insofar as to ·understand means to find wh-at c.arne first, what the 

. :. . ·.J.- . . , I . . 

beginnirig~c ( O-f ;{ Q.~ ~ were.: . "t~e.f~f:~~- · #rst _joined, the 
. r ·~ . . . . : . 

one . ..... .,. (Phiioiaos, Diels I, 410, 11-12; also 13 £). 
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b. It· is arrangement. simply. · 1t makes· limits, distances, 

differences, · .. ''thro~gJ:1 ~hich 1147) arise the tl'lany things 

· whfoh the ·world '~'contains". This .. is ·effected by that "one" 

and· 1·
1two" whkh contain the distance "th:rough all". To 

under'stand how they do this is to take the· noblest road of 

· · inquiry, ·''riot so :hard to indicate, but overwhelmingly hard 

. . II 48) to · use·. , 

c. It is an order of being. The same one and two and the rest of 

the 'numbers· make things be, . even ;in a bodily way: "number ••• 

·makes things hava"the na.b.!re of bo~ie.s ''(Philolaos, Diels I, 

412~ I; also 454·, 3). This is to be inferred from our 

grasping them, for did they not "have" number we would be 

able to think nothing and know nothing" (-Philolaos, Diels I, 

408, 6) --- to ''take in" nothing. But if things, "have" 

number they~ number as Aristotle . (Metaphysics 9.87 · a 22-23) 

accuses the Pythagoreans of · reasoning~ · (The .integrity 

of these numbers, which make the being of things, is, of 

course, their mo'st important characteristic; one might say 

that they put integrity, i.e., wholeness, into the world,. It 

is therefore unthinkable that any~hing could be done to break, 

.. '., i. ·e., to 'fraction . "the Pythag·orean unit: \;v r ov; cJo... J L-

I" C\ ._ . c.. I • · ) \ I 

01...~£_.Lciu• U.l =onc,\ O...ouvo.-:rov .," to divide the unit --- which is 

"imp9 .ssiblei•~ .. as : is said in .Prop. Ill of the Canon). 
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- Timaeus, passim). "Since 

JI ' C A 

these beginnings underlay . ( ·a.\ xa l 
literally either "were present" or "g!:>verned from beneath"), 

being unlike and of different family, it would indeed have been 

impossible to make a cosmos ( 

with these, had not har.mony also come about, in whatever~ 

it ~c~ about" (Philolaos, · Diels I, 409, Z f.). At this 

. . * point the "ornamental'' or delightful aspect, comes in, namely 

by way of the logos: ''We delight in · consonance because it is 

a mixture of opposites having a logos with one another. For 

logos is an order ( 1c( ~ \.j ) ·which is sweet by nature" 

(Aristotle, Problems, XIX, 38). The logos makes all things 

into "relatives"; as ratio it ailows agreement and consonance 
. . . 

' t~ arise over distances or intervals. But the bond is not only 

. . 

· in having relations, but in having "fit" relations, in making a 

(_ I 

· "fitted thing" ( ~ \ yo7 ·£ v o \/ ), which.,, . in harmonic terms 

(Introduction~ Harmonics~ p~ 186, Z-3), is 11co1:1pounded 

from sounds and intervals having some order ( ,;._ 5 L) )" · 

is, in short, ,a "system". This is the. great visible, and as the 

Pythagoreans thought, audible, heavenly order --- heliocentric, 
.. . 

marvellously enough (see No.te. 4Z a) --- which comes . to be know 

to us through the different se~ses ·-!"9- as a consequence "the 

body is cherished by the soul., because ~thout it it cannot use 

the senses'! {Philolaos, Diels I, 419, 3-4). But "within the 

( I~ 
soul, [_number] fits all things in with sensation ( 0... er 0 J w v 

I * of the K.O OJ o 5 , a rather mysterious and marvelous aspect, 
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) 

I 

to and add~ess .( Tr f .o ~ I] ."{ O f C\. . 
l • ' •• • .. . 

) ,one . another 

according to the nature <;>f .gnomom" jPhilolaos, Di els I, 411, 
. - . :· . . . . . : :. . . -~ : ...... ~·~ ·_ :~ ·.: :· . . . : . ~ . . ~ . . - ,• . 

18 £.; the gnomom is to astronomy what the canon is to music, 
·.. . : . . ·• . . ~ : : : . . - . . . .. . 

~ . , ' 

the special measuring stick of tha~ scie~ce}.- . : The "harmonic" 
~ ! •• ·. ~ ::.-... • • ' : ' . • . . . ~. • • . . .. 

b~nd_ then, is what joi~s. no.t only the wprld~.~o itself but the 
•.• ~ .:. .. ,·-: .': f .... -

soul, to the ~orld. . This i~ :W~Y ~t is the, Muses.: who tell the 

beginnings of the wo~ld •. (Hesi~d, ., : Tli.eogony, 1.16 f. ). Those . . ( . . ·. - . . . . . .. . 

who receive their song have ~ecei_ve4 _ a .. ~'sacred gift" (ibid, 96), 
. . {',,· .· . · .. ·. · .' --- , .. · : .. . 

identical, I, .think, with that "g;ft of tl:ie gods 11 
- knowledge 

of the beginning of being-w~ch Soc_i.:-at~~ , receiv.ed from the 
. . . ... . : . ; .. 

Pythagoreans (Philebus 16 c 5_) • .. 

(One last aspect, befortging to ·the ve.ry word ·,;~o-rder": ~n .o .rder is usually 

"given" or made by someohe. · The mythical·, ·aibe.it :p~~saic, name of this 

maker of order is "the Artisan" ( · J,l/"- \. o.uftY ct~ ]~literally, 
' 'public worker 11 )

49> •· Hi's tool, by which . he· - m~kes:thi~ ~~s·~~~· --- as we in 

turn make it from the-cosmos _..;_ is the joiner.is - t~ol,; the -~~non. 50» 
. . 

What remains of this extravagance? Pythagoras hi~s~lf discovered its 

most world-shaking difficulty --- that there are thing~ i.n. the . world not 
- ,•/ . . · . . . - .. . . -

numerable i.n relation t~ one .another. In fa~t it ~-s thoug~t Sl) that he 

came across this "scandal" in the course of his discov.ery.of. compounds and . .. -: . . . :· ·· i - - - \. 

compounding, namely when attempting to divide the. diapason ~qµally, which 
: . . .. - ~ . . . . ' . .. 

is, in numbers, the problem of finding a mean bet"'?een 1 and . Z, or of 
• • • • # • ; - • • 

. . ·.·. ' -
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finding Vz, an irrational. But beyond this cllfficulty within mathematics 

itself, the whole thesis of number as the being of things is untenable. 

The arguments are in Aristotle --- no one could remain unconvinced · 

(Metaphysics, 1092 b 2 £. ). Even the heavenly order turns out to be more 

amenable to a treatment which does not concentrate on the harmonic 

arrangement of the planets. All in all, the notion of a directly "le~rnable " , 

i.e., literally "mathematical" world order seems to be disc~edited ---

both on account of the discoveries of the new science, and also becau!?e of 

the nature of aisthesis itself and of its objects. 
52

) 

Two aspects of this cosmology seem t9 me yet to retain their force. One 

is the science of harmonics itself, of which a little more below. The 

other is precisely that "naive" view with which we began. Aristotle calls 
' ' .) ' l . ' . . . . . ' 

it "too simple" and E:.\TL\\ o _).O.L<.JS , "superficial" {Metaphysics 987 a 

22-23). It consists in supposing that that 0 to which the term spoken of 

first applies, is the being of the thing" (ibid. 24 f. ).. It seems to me, 

however --- and Aristotle affirms this in his very writing of a history of 
. . . . 

earlier Views --- that it is . not -possible to go beneath. the sµrface before 

53) 
having been on it. I mean that the "naive" collapse of _ "that~thro\,lgh-

which" into the thing itself; of the instrument into the artifact, of the 

knowable into the known, of the sense "data" into .. "reasotis ", . o~ the body 

into the soul --- in short of the world ~nto its being, ~s the only beginning 

for an inquiry which is to go int<>, th~ depth of things_. : For it ~stablishe ·s 

that order of desire which alone can make the inquiry move. And therefore 

Socrates speaks of the initiatiors of this inquiry as "the ancients, who were 
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stronger -than we and lived rfearer .to ..the: gods" (Philebus, 16 c 7-8)~ 

We began by asking what harmonics or mathematical music was. We 

h~ve _seen that it was once conceived as the theoretical and .. practical 

science of the world, but that this turned out to be impossible. What is 
. . . ' ~ 

left? 
,·, 

The· passag·e· Republic 530 e f. =is about· harmonics •. ·.Musieia.ils, Socrates 

says, labor ove:-r· the endless task of determining the bearable consonances 

and deciding what the "dense" indivisible interval is (cf. Prop. XVIII and 
. / .·.. . . . . (• . .· .:· . . .. ·,.. . . 54) 

F. Notes). There follows a glorious paro.dy of the way these people talk • 
··: ·,,,...... 

£ ........ 

those who ''put their ears ahead of their thought" ( WTO.. -ro u vou 
• ' ' o • " • · . I• • ••• • 

. - ~ ""' -
, . 

lo v s : . v o v SJ T\f 0 ()T\ C> ~/M-~ v O L )_'.'• They spe_ak of "'·'beatings' ' 
..... , .. ...... ,.. ~ ···-· . . . .~ ; 

(a play on 0/\V\,'/ v... :C --- the cause of sound, see the preamble of 

the Canon) and subsequ_ent "accusations and denials and boastings " 

(_a take-off on the notion of musical "voice", and of consonance and 
•• : ~ · . . J J 

dissonance as assent and dissent). 

.. .. . 

In short, ·these nfusiC.ians .. get· caught I.n rhtile :attempts to settle questions 

·.:concerning precisely 'thos·e ·matters whiCh bacome ·the assumptions of tlhe 

Canon (d. Section G), namely. 1. what intervals are to be called 

-__ ._ consonances· a:nd ·2. :what the least interval is ·t-o be. Once havfog 

·a 'greed on 'thes~,· Socra.tes ·:might bave gone -On; they -pay the penalty 

for h~virig started a{the wrong end- -- -.:~ · that ' is· , with the ear's data 

·rathet' than with a :''prob1em ~· ; ' (Rep'ublic· 531 c ·2) in rriathematical 

construction unburdened by the requirements of sense. For they discover 
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a certain intractabie .. un,:reasonablenes s in: .. their mathematics, an 

insufficiency -·-- whic;::h -is p;i;esented without a word ·of corilment. in 
... ~ \ 

Prop. IX of the Canon --- namely that once the tone interval has been 
. ' . ~. t: ) . ,. 

"obtained through consonance'' it is not possible to "obtain" the diapason 

by compounding all six tones which lie within it; instead the resulting 
'I '':' . ~ - ' 

ratio is an interval which exceeds the diapason by a piece called 
... ~ . '! ... • : t 

the "Pythagorean comma" --- "Pythagorean" because characteristically, 

A scale "obtained through 

consonance" is therefore not perfectly fitted. Socrates wants this whole 

" 

enterprise to cut loose from its foundations in the senses, and to investigatE 
:·.· 

rather what numbers are consonant and why (531 c 3-4) 

What would the content of this purified harmonics be? : Everything in this 

s_ection has been directed toward showing that the Canon, at least, is not 

about . such a h~rmonic::s, 56
>. * What then, migh~_ we __ imagine that such a 

work wou~_d contain? I think that the proper content-. would b.e precisely 

that theory of_ compounding so conspicuously omitted. by Euclid (se.e 

Section .G). Although I have found no ancient text that says ·so, there is a 

certain plausibility in this. Nicomachus (Introduction to -.Arithmetic, I, 

3, 1, ed. D_'Ooge, p. 184) "' classifies the. science of "how much" (: To 
I 

n-o a-ov - quantity) i.nto arithmetic, which deals ·witJ:i'. number . 

.. ''by i~s.elf" ( \-< 0. 3 ) ) , and music W1 ich ·deal_s ·with 

num'f?er; .~n -relation to others { Df~S ~ )\;\o , 
I-

science ; is called by Plato "logistic" ( A 0 y L () T l \< '1_ -

). · -This .latter 

) 58~, the 

science of ratios. Now as music is the wider term, of which harmonics 

57) 
·knor does there seem to h.'.lve been such a work 
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j.~ a parh:-:S·'? .C.Oplp.Punding' is" a ! p.art. or the ;\vld~·r '. the6·r y. ~-£ p ropo rt ions , 
;'. t 

:, , n.'1-JJ.l.i!'~Y, the palit dealingdWith: :th~ "fitting'tdgE.iher" Of sYstems. 59
1 

.. : : ·r ) ·~· i'. r. : -' .:· . . . ·:.. .. .• .... .~. ~- ·,· :· ::· ~~·_:·: ·'; .. : 

:~ ::Bu/:~h~ d~d ~his pure harmonics never develop? Tha,t. question . seems to 
. ' ..... . · ~:i :.; :-.')Z.l \ .. : .. : If ·: ·~ .. :· .'·. ~ ":. :,:..; :·~ ·: :,;'.' '.'. . : ''.· 

>~-~ii~·~~-~~ a wide vista for speculation. Possibly, to improvise, those 
· · ~- ·:~ ~ : . } i ~~ . ; i : : · 1 • r LJ :: .. : . . · .J. -~ • 

. ' ... (' ·. _, :: :· : '._ ~- _; ... _ .': .; .: .: .' ' .. . :' . : 

:.:;h~ ~~~~'id~~ed the matter saw that if they went aheaq. they would 
. ~ . . .' ~: .r • ~ :·::r . ~ ~- ~ : :' :· : ; . . 

, . ·; .) • .:.:.;:q : ~ ...... ;.!~ .. ::.:-.r,,_;; _.::·· _.<.i ". : · .. 

"~ -~~-~ntly subvert from the inside the very character of ~I?-at .. ! :: : 

P . ... . . : . /<. .. .. .. ':. r· 1 •. _ •• '· :: r··! ::·- ~:·1 .. :· . ..-1·-~··::·r .:-:_:·~ .. ~' ;}.'. , .. l . 

. · >: · th~~~t-ic~ which i~. ~'useful in the search for ~he nc;>ble aD;~ th~ ,good" 
ma '\ .. ·'.· \'· ·· .-. . :-.: : _ .... ;. ·!: ir· ·::-.·.-~ · -. . <;,.n : ... ,-.:i·/.i.:.: .. ""!. ·.-: ... '·"·", 

(R~~~~J.i~ 53).' ~ 6~ 7). . For I, ~av~ _tried to ~~~':" ,<~e,c;ti?,~,, ?,tf,h,;t}~is 
• I ·•· ~ ! . . .'.· '. : '. '.':'. J. · , : ' r::, .._ • •I' : : : : • '. · ' ' . ' . : ~ • . • • . 

· ~~~ratio·~ ~f compounding _has something irremov!.~~ly ''physi~al ''. ~bout 
...... ...... . . -. . } .. 

it; that is, it is a pei=spicuous process onl~ . ~he~- ''som:e~?ing" i. ~·, an 
;" ~ . . \• . ~ 

interval is " ~ompounded, while it passes the "naiven understanding what a 

pu~t~~g . ~o:gether o.f. relations' might be~ Therefore arty fbr::riUii~~tl.on of 

this prpc~_s_s ~~st . have' ,gone ·the way of the .'.spurious fifth":·d~fi~ition of 

.-: . J~ook. Vl iof the Elem~nts; that 'is,. ·the ~atiQs · ~ould h~ve ' he~n turned 

i:QtO .. a new, )tjnd Of number·; ··aJdnd of• Pr:elation-made·.;_object", SO as to 

60) ,. .• ·. • , I . 

pe mult~~caple. · ... ·. Then. the.·decline of the logos teferred to at the 

en.d of S~c;tiql'.l :0 .would, have been fo ·rrnally · completi:fc~i'in antiquity. 
61

) 
' .. ·.· ·., ·. . 

. .. ; '. :. ' . , j .. .. .. 

For, .,as w~ . sa~:·.~~~~: :~.~t.~o in number·§, independentl ·of aha ·prior to 
:· __ .... , ....... ·· ··- .. ..... 

. propo,.s.itio;n~:Z), t ~nch.$ayable without reservation had' t·~ give .. ~a-y to 

a ra.t~P of irratj.p_nab;t.: an µnsayable ratfo, : arid· a ratio mea~i~gful o'nly 
. -- -

in ~u; · r~tion··of : Sa!.inenes·s ,with other ratios in that prop~hion~ : 'And 

as .. r.atio.pad one~ to give. way, so riow proportfon itself ~oti.ld h~-~~~:,·. 
: :J . ~ : ... . 

cea.~ed~to b~· in :C~Omm~nd·, ':namely. iil command · of a colle'(:tro~rof. ~~~e 
. . . ----

,._ ;··' ';, . . · 
: ·.:· .. :\ . 

l .. 
• ••• t • 

. . 
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ratios and would have become simply a relation of variables, so that 

"to compound" would have been to establish "joint variations". 
63

) 

Such a harmonics, would have turned out to be, albeit no longer 

"Musical", yet apt to the study of the physical world --- and insofar 

as. this development, which is realized in modern times, is already 

contained in Pythagoras i. mathematical music, he has left no small 

bequest. 64> 

Notes to G. and H. -------
G. 

1. Ptolemy, Harmonics, ed. During, Goteborg, 1930, p. 19 f., in a 
chapter entitled "That the Arixtoxenians (i.e., Pythagoreans, see 
Section D for Aris~en~ on Interval) unjustifiably make intervais and 
not sounds the measure of consonances", says: "• •• but although they 
[sounds] ar;:-as it wer;:-bodiless, they compare only their intervals ••• 
which are, after all, between bodies.'' · The Pythagoreans are, it appears, 
accused of 1. taltjng the con-sonance for the sounds, or more generally 
what is between ( . )-A ~ T Cl 5 0 ) for the· things themselves 2. mixing 
the realms of sense, i. e~, sight and sound. Speaking as a technician. 
Ptolemy of course ignores the deep reasons for this. 

2. Certain chief elements of this theory were evidently· known in 
Plato's time, cf. Becker, "Eudoxos-Studie~ Ill", Quellen und·-Studien 
~ Geschich\e ·der Mathematik Astronomie und .Physik, III 1936, p. 244. 

I I 

3. Euclid uses _)4£.fOS , (V Def. 1; Vll, Defs, 3, 4! but /;of L? v 
OCCUrS in the name for SUperpartiCUlar numbers I t \\Cr 0 ~ \.. Os ' 

4. This, of course, has nothing to do with when the Canon was actually 
written (see Section C). The word "scandal" is Tannery's. I found it 
in Stenzel, ~ urid Gestalt, · 1959, p. 88, together with a wealth of 
other references both ancient . and modern-. · For the Pythagorean · 
discovery of the irrational see The Thirteen Books of Euclid's Elements, 
ed. Heath, III, p. 1 f. 

5. This definition of world --- before it become·s a cosmos --- does not 
seem to me to be too abrupt, especially not -·:tor the Pythagorean context, 
see Section H. · The equivalence : world = · place of life is made by 
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. . : ;." ; -~ ~ ·. :.·· . 

. ihe Pythagoreans in a most literal way, for they view the world as full 

. of life,, ·as alive., .. as :an : '!~nimal" an . ~~*u XC?\1 {Diels, I, ;449, 7). 
Whatever extravagances, high or low (e. g. Diels , I, 449 f. ; Timaeus 
33 b .£ •.. ; Rabelais, Pantagruel II, 32) . may accompany this' view, and 
leaving aside also cosmological theories, it seems to me to have a 

:: serious· center .in .. human. experience, which is express~d in tJ:ie 
identification of world and life in our ordinary speech (e .• g. seeing 

·.:the · world~ · se·eing life) --- . whatev~r . els~ it i.s . o .r is not, the w9rld 
is what we "count on 11 to carry us on and in which we carry on our 

.:. '. life, . onc·e :we have .le.ft. the · world of th~· woinb. - -

6. Of course, I do not mean to imply that the word was ~~rst . used in 
this way and that all the other meanings developed one after th~ other i n 
time, since I do not know what, in fact happened. I mean only ~hat 
certain simple, prima·ry characterist;iq; of the meaning of A. ~ y G..J 

in all its uses are pres.erved in Hoine·r·~ In short, I do not mean that 
tho-;;; who spoke earlier spoke.more wisely, and certainly not that the 
language is itself independently wise, but only that those who came 
first had l .ess to becorr.ie oblivious o,f. _. 

.. . 
, . . -

7 . ... Much has been· ·wri~te.n ~bout thfs, mo~t of it in inaccessable places 
and language.s. · i :a.in: u~amiliar with the mass . of it. But °I will be glad 

· to help people who wi$h to· 'read on this to ·c:ertain '.us eful ~1:.~empts to 
.. understand, which I kn:ow of. 

II 

8 •. "Naive": from :the :Latin .. nativum, "natural", from birth", 
· · : .uunartificial 11

• 

9. Aristotle, On the Parts of Animals, 687 a 7 f.: "Anaxagoras said 
it was because of hi$ · having hands that man is the wisest (<\)?ov LfAWT0..11'.:)) 
of animals"; tf. also, On .. the Soul 432 a ., l f. , C~mpare .wit,h. this the fa ct 
that"the· i 1~ise"s·t- ~bing" T~. f.w TCAT ov . . ) of.th~. Pythagoreans ii; 
number {Theon, p. 99, 16-1 .7)~ ... .... 

1 o. In ·the Qest . case the differ.epce between the human and the_ 
mathematical relation vanishes, cf: Aristotle, Nicomachaean· Ethics, 

" .. ,,1166 a: 31. ~·3.2,, wh~r~. the goo~ m~n "is rel~te.d ( J :x .. ~ L v .. . ) t~: his 
. ·friend ( rrpos 10v : q'):L;\ov . . .) a .s to .h.im,~elf"· .. It .~~e.ms to mte 
: a good investigatiqn to see exfctly how Ari~t:ot~e 1 s ma~he~at~za~ion of 

human .affairs (e.- g. ib_~d. , .11q& a .. 27 f •. : ~·ejcc~llen.c~ .. ·a~. "me~n"; ibid., 
.... .. . l.13:~!:. b 21 f. : justic~propo.rt~on) dift~;r:!?:fr~m ·the, Py~h.ago .. re~ 
., .... notfon ·ai numb·e.r-virtue~· which he clea~ly tho~gbt° extravc;tgant '(Magna 

Moralia, 1182 a 11 £. ). I must omit this ~hole . P)rthagor·e~n doctrine 
... he~e,· ·which, in· any c.ase .. , c-0ntains. too .m~ch of the .s,uplime and the 

. 1 ridiculous at on~e, oft~~ lat.t~r whe.r~ _,. it_~ppro.ache.$ its low P.e~version -
numerolo;gy • . One obser,ya~.~qn: . fo ,r: .~he. pu:rpos~s of the doctr1n.e of 
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· · re-inca·rnation all thirigs born with souls are said by the Pythagoreans 
. ... ( /"'\ 

to be ''oflikekind"-- ·· c Of.A-O'ft;..VV'\ , Dielsl, 100, 40). But 
this ]:s also .the mathematical ~~mditic:m for being in ratio (Euclid V, 
~e_f~ 3). . ~n word.s.;: ·ibe dUf~renc:e ~s that between 0..." °'-Ao / l CA. and 

O.f·L·5?--D_5 •, . 

11~ ~he very phrase /\~ ... (~) ~v ~\'-J~o~s expresses th.e 
comc1dence --- the logos is in ·the numbers. In the preamble it - . 

occurs in its technical sense of number-ratio but the same phrase, 
when used in larger context about or·by Ptthagoreans means nothing 
ne~e_ssarily technically mathematical, but rather that the thing is to 

: be ' accounted: for by numbers: .e.g. "seeing'.the affections and reasons 
of ha:rinoriles'fn numbers'.', Aristotle·, Metaphysics 985 b 32-33; 
Dio~enes Lcie:rtius, VIIl, 29~: . 0 t ,,.,,/\ o'( Ol,....Tqs ) w ~ ') ' 
"the logoi o'f life; .. 30:· ot >.o"{6L Tli\) ivX1) ,"-•••. of soul." 
In these examples number ratios are, .in· fact, what ~ill deliver the ac.coun, 
but this is_, purposely, not explicit in these phrases; see H. Diels, 
Fragmente der Vorsokratiker, Berlin 1954,. III, p • . 2S8. ·.·The opposite 
point of view of that which makes logos and arithmos ·coincide is 
expressed by ·Aristotle-:-: "For· logos is being, aJl,d a;ri~hrrio_s material" 
(M·etaphysics, 1092 b 18-19). 

tz.· Ar~.stotle, On ~Heavens,· 275 a 13; P.hysics 1 21 .?.b - ~.3; also_ 
Aristox.enus, quoted in ·Diele·, 1; p. 451, 24: "All numbers have a 
_ratio with one anothe-r'~~ On "-.:the primacy of m:1;m~ri~al ratio, see 
Metaphysics, .1'020 b·31: ·· ''The first meaning of relations is ~hat according 

· to ·number'"~- .. . . · 
; ... . ' • I ' , ~ 

13. Euclid's Phae·nomena et:Sc·ripta Musica, ed. Menge, Introductio ­
Har_moniCa p~l871 ·2·0; P• ' 2.00~ ·2..:3. (on irrationa.l in_te~vals); .Aristo_xenus, 
I, 8. There are also perfectly i'ational e:lemet:its of voice --- aside 
fro~ pitch, cf. Philebus 17 a 8 £. 

. ·' ~ .. 

14. The Harmonics ·:of Aristoxenus.,, ed. : I;;J~ . -~a~ran, Oxford, 19~2, 
p. 23~ ~~010... ou?-rt ~ 0£'-CAv <Tv'*'V\X·q , "souncis alo~g in._ . • 
fellow-feeling 11

; also, Theon, p. 51. 1.. 

15. Porphy~i~~-s. · , · Kommentar. zur Harmoni.enlehre des. Pt_q~emaeus 191'·2, 
ed. n{iring,' "p. 92, 2:z £.-' makTsthings .s.imple by.merely stating that 
most of the Pythagoreans. who worked o~ .the Canon .. :.say ·"intervai 11 

for "ratio", and he quotes Euclid's Canon. See on definit~ons of inte r val 
in general, Porphyry, p. 20 f., who also discusses and quotes 
authorities at great length on the question ;0f aisthesis vs. logos in 
music (p. 22 f.) and particularly in 'respeCt to consonances (p. 94 f. ). 
About the Pythagoreans he quotes .Ptolem,y:_ ''Pythagoras · an~ those 
who followed his teaching 'Yanted to acce~~. sense ( CA..

1(cTth'\ CJL) . ) 
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CJ I 
as a guide (' · o V) yo S ) for logos in the beginning, to provide it, 
as it were, with some kindling ( 3 WTIUfl TLVCL ), but the 
logos which arose from this they pursued, when it becam~ separated 
from sense,_ by itself ••• " (p. 23, 25 £); *See also Theon 
Srnyrnai, EXp6sito .rei:um rnathematicarum ~ legendum Platonern 
utiliurn (Exposition 'O.f t}?.ings mathematical useful for reading Plato.) 
ed. Hiller~ p. ·71 ·, · 47' ~v.:. ~lv~·-y~· ot5 v ... ~l ofo.-ro~~ cS:Z:-OTj~'~: in sensible 
and seen intervals-"~ · fA · 

16. · Theon, p~ · 1 oq, 9 f.J d. Section· H. 

17. Heat}i, op. cit. p. 189•190.· · · 
. ---- ~ 

18. Excepf for Prop. lll, which needs to speak of a numerical "mean" 
.· ·, .) . I 

which will ~ fall ( £...;.,\.. \\ ~ c:5 t. Tq l : · . )_ within the bounds of the 
superparticular ·inter:vals, and Prop. IX, in which the tone interval 
must ·be six times compounded and the meaI1 intervals do not have 
special names, being not quite tones. 

19. Heath, ~· cit. pp. 133, 135. · ... 

20. In harrpbnics a distinction is made between a tone found \<. o.-rcl 
t?io-LV ;"according to position" or 1-<..o.O 

1
: a\'n+.1. 1.'. 1.'by itself'' and 

that found \/... o. t ~ ' ·1 v d .~_"'.. _')l,\.~ v ,• "acco!din~, to the ability'' to . . 
effect others or according to "'t'.o rt~os TL rr w S £.. X o v , " "~~at it 1s as 
having relations'' (Porphyry, p. 165 f.). Strangely enough,/"\ 

. .' ,....., ..::> 

Aristoxenus· (p. 124, 15 £.) says: "By hearing ( T:-1\ c, v<_ o v'\ · · ·) we 
judge"' the magnit1;1des ( . , " )-lt-~~~"} )of interv~ls, but by thinking 
{ T \'\ 0 L 0- \/ 0 \. C\. ) we contemplate their abilities to have an effect 
( \.cf u v C... )A---t-l\ ). " Orie would have thought that their size· is 
an arithmetical matter and their interaction an aisthetic one.- How:~ver, 
this difficulty illustrates the illusiveness ofthe .characte! of an Interval. 
cf. Notes to Prop. XIX, Section £. 

Cl 

21. 0 f O 5 , "boundary'~ is. used for a numl:>er in a r-atio ~y 
Th eon, Ptolemy, Porphyry; also Aristoxenu·s: d\q, crrv'\fl '~ -f Q\l ~' f o·l, 
(p • 1 40 I 21 ) • 

22.. Porphyry quotes Ptolemy: "The investigation -col)cerning the 
canon --- of what is it composed? Of thing~ presupposed out o"f the 
·prc;>vince of the musicians, and of things taken from the mathematicians 11 

. (p·. 23, 1·0-12). This is in fact, not a bad description of mathematical 
physics. 

23. Le Opere di Galileo Galileo, Florence 1.'933, VIII, p·. 359 £. 

24. The ancients used both ''equality" and "likeness" or "sameness" of 
' > <\ f 

*"saying that ••• the logos finds what is right (1° 0 fu 0 v) by itself and 
exposes sense cc!11t.~~/>(HV \~V ~crlJ~owJ r·23, 30-31 f. 
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ratios: . ''Proportion.is· equality ~of ratios 11 (Nie. Ethics; 1131 a 32, 
the term "same'' is used in the passages that follow). • . '. "Proportion 

( 
c. t ( I 

is likeness · .0 r OL. o I V\ s ·) or sameness : \0 UT 0 :1) ) 
of several ratios" :(Theon, p. 82, . 6-7, who also uses ''equality" later 
on). Equality is, of course, suggested by greater and smaller ratios 
(Euclid V, Def. 7) which can, however, occur only in magnitudes. 
Likeness or sameness points to the very widest .ole of 'analogia as 
bonding ·. tJ;ie world (cf •. Stenzel, p. 150 f. , and ch. IX called "One 
througp Analogia", which is .full .of references.). · 

25. ,See Heath, op. ~·, Ill, p. 2 for incommensurability proof. 

2_6. See Heath; £E.• cit. , II pp. i.20-1.21 for ancient .attempts to 
explain what ratio could mean for non-homogeneous, and, by implication, 
incommensurable, magnitudes. The burden of meaning is put on the, 
word which is supposed to explain sameness in such ratios, "~va.VcxLff..O"L)' 
' .'counter-removal", used· by Aristotle. The only meaning I can 
attach to this word is that it prefigures ·Euclid V, Def. V by 
describing sameness of ratio in terms of sub-multiples (as Def. V 
d_escribes it in multiples), i.e., remove the same parts .of correspondents 1 

. say half, and the proportion still stands. 

27. Theon (p. 82, 22 f. ) quotes Eratosthenes as saying that "the source 
~ I ~ I ,( Ovf )( ~ ) of proportion ,is ratio, which is the reason ( cu ... T L °'--

for the coming to be ( y t v ~er L~ ) of all things which do not come 
to be in a disorderly way. For all proportion is of ratios, and the 
source of ratio is the equal ( Tb Lcr-ov )". He goes on to explain 
that all things must be broken up into thei~ elements ( OTC> L X £L~ ) , . 
and "the equal cannot be broken into more ratios"· He explains that, 
just as the monad cannot grow by multiplication, ·so als,o t:l.'ie. ratio of 
equality (1 :1) does not exist in harmonics. Instead, there · is the 
double ratio of the diapason (1 :2). 

28. Except in a quotation from the poet Ion, Introduction, p. 216, 21. 

29. Hesi•d, Theogony, .23. The whole distinction I wish to make might 
be set out in the analogy --- music : theogony :: harmonics : cosmology. 

30. Porphyry, p • . 2 3, 8: '' 'Canonicians' are the Pythagorean 
harmonicians ". 

31. Axistoxenus and Ptolemy both begin their Harmonics with the most 
narrowly technical definitions of harmony. It. is rio doub~ the 
Pythagorean background of the Euclidian works which prevents this. 

32 •. Po~phyry, p. Z3, 2:7 f. specially insists that the instrument which 
is called "the canon" is so named from . being tuned according to the canon, 
and not the other way around. 
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33. It is a comrr:i.onpJ~ce tl~a~ the -~Gr.eeks :hear.d: harmc:mt :iri a sequential 
artd not ;:.a ~imultaii'~ous·',.soundJ"~t -_not.~s-~ ··.but.ihere:·-are frequent indications 
that~' at le.ast for pur_po~~~ .. ~Lst,u~y, to~es · We.re sounded simultaneously 

·. (e. i:g. -Aristqxenu~ .I . ·ecf~-.. Ma:c~an, . p.'· 23.4).~ ; :Indieed,'' what woui~fbe more 
:'··1ih~.'fr•?)'. t ; '.ll , , ~ I •::· · : .. · , • , ·.·'-. : , • . • •: · : > ,:; ·<..; .·. 'J: .• • ·. • I " • 

. . : :·.~ --· t ~ :.:~.~.- =1 ·. \ • 

The ·;~iuota:ti~.:m~. 1~· fr~m Sonnet'.. i.o.8' :4. ; No-.6ne could more -accurately 
desc .. :f.ibe-'the effect ·9£'. .conson~n~es than .Shakesp=~arl·e -~ .. He ·had,. by:.-the way, 
a di~tinctly ·Pythago.~~a~ yi~w ~f. mus.ic· (e~ g. Merd1anFV ,:·~ -1, ·54 £~ }~ 

I 
34 S D. 1 Ill d . <Y_ u µ..., ,() ~- v_ l. CL . . · "::· ·. · Th·edn ,··. ]p·. ·• 5 6 ·,· · 9 f_ • • . ee ie s, , ,_ -~~ er / \ , . i ". ·~::. • 

, ... ' . . I . ,:, .· 

35. See Diels_, . .. I, p. ~02, 12: "the Q.ek8!a is .c~_P.~d.:tt_ui~t -"-~ ( · _T\L _O,-. T\.~- ) ••• ", 
p .. 45'5', . .-9~:1°0; !The~n-, p. 5s, 13 f.. · · :' .> :_, : .. , .. · . · · · · · · · · 

\ .1 ;· • •. ;' .'' :·1 ' ' • ~ • ;" '. ' · . ." .. ~ i , ·~ : • : ' • • • I ' ' 

3f»~ : T:hi,~ ~6r'C:t"w~-s. f·i~~t . ~sed as. the ~~me o/th~ ".science of th~ · be~uti-

~ ... .. . 

; fol 1' · . . . ' _ _ ' -- ~Y ~ a . fo.~io,w·~~· of .w.oiff (Kant~s - teacher), Baumgart~n, in a 
thesis'' p "ubli s h~d . al) out . i ,'7 .3 ~. . .- . . . . . 

·..,, . . . .. ·. . . . ' . 

... ·: .. ·· . .. : •. .;.~ \ .: . ~l~~ i . ... ,.J ~ .• . " • • . . · 

37." lri .. ·Tiiriae._us . ~6 f. • . t.he tw.9 ,.. ~ords .are. us e'd irtterchangeabl y~ ·· pbviously 
·; tcf· m:ak~ thls pol.~t~ -The tone.s which bound i~tervals are defined· (Introduc­

tion t~ Harmonics, p. 86, 14-15) as a "brea}hless place ( 1otto5 ,: 

. ~- - \'" ~~<~: T ... ~ _ S , _, :: ":) . re.c~pt!iye to becoming par~ of a ·constru~t · . ·.· -· 
· C- c-r u -~ :~j'-;:~- _. ,fr , en :· sc_ ale)~'. The ·spatial metaphor is ca~r1ed on 
thr?_ush~ut,; .. _~,j ~· ! :_·. Y .~ ;Cf~) - -- , the ''position" of tones· in the sc~le. · 

38 • .. Se~e :Ste~~·~i",: 'pas ~im", f~~ references _to the· ancient sources f6r one­
. two~ .. mciri.a:~:..a.y.~s J : ~imit-unlimited, one-many, same·- other·:· ·:.'. . :_ .·. 
~ ~------- ----- ~ ~ -. ' . : : . ·· :-

• .. , , • - : . . • j • : • , • • •·· f . , • ' • "' • • • ' • , ' ~ I • , 

39. Also · Symposium 187 a, b; 1
.
1F.or harmony is' conaonan·ce ~ ·arid consonance 

a certai_n. agreem_ent','·· · . Th~ pass.age speaks on the -.·nat\i"re of -. agr~ement, 
musicci.f~hCi otherwise, which, it is said,_ could rtevetfbe of thi~gs that 
differ ( £ v.... d l °' ~ £. r 0 )'A- ~. \I w y ) but_~usic puts agreement into all 
these things, imbueing .thern. with love-for;,._like-inindedness wi'th one 

· · · ·. .JI -... · · c· .. ' t . 

another .... ( . Sf ~T°'- ''cAL or 0 VC\..0..V b.1\\~Awv )". . . . 

4o. : Pfolemy (p. 10, 2~} ~i.~ys on the word-·· .'"t l~ o 5 as disordered 
·~ ·-v V'\ , and also (p. 10, 18 £.) on the speech-like, i.e., express-

ive, nature of co~_sonances: "The:refore each sound ·alone is speechless 
( !J.. A 6 y D S -·. ) fo.r it is one and indifferent to itself, and speech 
belongs to those things which have relations, and first of all to two such" • 

.. ; . ;· " ~ .,_ ' \"' . ' . t . :' .. . ' ;·· r : , . . , :: 
42._~. · a~ -·The Pythagorean Archytas reports explicitly on the d_iscoyery 
th~t. so_und a~i.s~s. only wQ.en.. hqdi.es · strike each· other (Diels, i, · p. "432-433; 
'i'irtigeti.8·' 67.b", / ·'$..0 .. a .£~ .L . but these motions themselves ·are ·nbemathematically 

· .. ~ . . ·' .. _. . . • : .~- i ~ ·· ... ~ :. :~~ .. _r , .·. . , .:: .. . i . 1 ••• ~ ~ : • • •• : • 
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known. This is, of course, th~ ;_ s-ource ~.~.:~~~ ~.t.i~ti6n of this_ bddily~·:wo~ld 
as a great stringed instrument, productive of harmony and receptive of 
s?·~~; ;,; ;se~ '. The.o,~n P.~ .. l,~ .8, :-9 f. \lV~~·-,r'~.P.~~rts ~ .t~_is .Y~ .e\JV a.~ Pythagorean and 
qµ9te~_p}:~~~.J;y . py 4Jex.ande.r ·. {born-end of fourth century B.C.) in which· ' 
t)~;ei 1~~. spi;ps . . i_s _ ca,11~4 a ly;r.e! ·of which the sun is the· middle string, the · 
tone caµ,e4 .~~e ;: ~~·se, .· Nqte that the· Pythagorean world was heliocentric .• 

. , 
'. ~. ~. =: ,.; ~ I ., f

0 

: • • , l, ·; ~ J. ' 
~ , . 

b. Mo~i.on : e·n.t ·e:rs :into mu.sic again on a different level, namely in 
the musical artifacf 'called melody ( on its relation to harmonic see 
Ari$toxe!lus :, - e~. :M _aGqm, p •.. 95), ·which moves with that pa.radigm. of .. 
orde_r~y, .rn -oti()P.· <:alled -.. i;hythtn. :· -This ~s . the special competeri-ce ·· ·of the 
Mus_e~ ; ~,~ .- ~he .:. ~_yn.ei:h.;roni~er~ ·.o.f heave:nly ·and human ~rhotibhs.: ~T-iinaeus, 
47 a;·.)~:pipomi.s . .Wf7. fl ,2.f'i;. oy '.'huma~ motions rr.a.:r~ ·tn:.ealnt ! thds' e . 
stirrix;igs ,i ~f'. .. t b.e.t:soul '..''out" .oLits calm ·which we :call e-rtiotiohs)-. 
I ha:y~~ .'.;~~?l:J.y., gµi~~e~_ t4·~.- consideration oi melody; · crs-. : i:~e <S~ ripta · 
Mus~cA.. 4p,., .. ,._ It, :i~_; .~-r~ind of improvisation .on the objects'-' of -harmonics; 
and .i,~ - th(;refor.e to . }).armoni.cs 0 somewh$.t as myths are tQ' Ilogbi, i . e;., 
a sort of epi-cosinic activity. 

c. P~.r~~p~ ,the: l;>est~ _comment ·on this --._-· understanda'bly meager 
place of_motiqp.!a114 9.ody , i_~. :Pythagorean harm·o'nics is Galileo's tr·ea.t- · _;. 
ment--·6£ harmony, which is, quite properly, present in~fh!@'ffrst · of th·e · ... 
six days of his cosmogony, The Two New Sciences. Sagredo is 
dissatisfied by the reasons giveµ- "by those ·who hav~ : learhedfy· ·.· : 
written ?A ;I})~:~ .*~ ·' · ' .. foi;-. C:Qnsi.der.ing ~the double and· th~ ·· se·squ1alter ' ratios 
as the "natural forms" of the diapason and the diapente. There are 
three way~ : 0J.. . sta~ing,1th~ ·-;:ratios ·O:f ;tliese .. intervals., :. for::the're : a ·re three' 
possible ~~~-i~p~~ PJ~:op,~;rt.ie:s .:}?elonging.to strings;' as bodie~~ : . their · · :, · 
length, their t~nsion, and the-ir weight. To obtain the diapason: if 
the le~gth js, tp b~ .:: ~h~l!l;g~f~,, .tbe:- r..atio : is 2:1; d:f the t~nsion · is : to: be : ·:·:: 
changed, t'he ratio·r~ ·;i::.~f; _·: if .the wei·ght ·i·s -·to·be changed., : the ·ratib' . . 
is 4:1. So those "wise philosophers" chose their defining ratios quite 
arbitrqrily ~yvi.hep . ~P..-~Y: tQ.o:k ;them ·.£.ronii .string lenghts; · ·The·r~ is, 
howev~.~.~ :?- I:ll9.t~9n _. yv,hioh : giv.es unique ratios for tdnsonancek 'and ,_. , ::_-.· ,. 
incidentally explains "the r ,easo.n -for more or less ·p ;erfect ·consonances ·' 
or dissonatt~es", namely the frequencies of air waves; these are simply _ 
such iz::t _ C_A.~so.:µa:p~~€SJ ~~ .t9.-- ~trike : the ear with 'c:\ certain Clear CO:rr,e.iation ~ 
(Dover , ed.,:·~ - - P· · . 99, · tq~ _rn.usi-ca.l terms' are taken :out ·of the Italia·n bf ·fhe · '' 
Nati?ral - ~4-ition) . .. : .. ·_-,i~~;, ._.;T; ~ : .:• : . .. '·. ·: -.: .. · · i · 

'· 
r C i ' " I • ' ~ • I ~ • • ' t 

·{ 1).. ·. : ' .; . L ··. ' 1 "' ... ~ -.- ; J ' - • • • : • • • ·' :. .. . 

The~ "reasons" for the arithmetical and psychologicaFfacts of 
harmonics are l. measured motions (Salviati has discovered a way of 
counti,ng. ~r:eq.µepqi~s, :;:p.- ; tOJ); ·. 2. ;·: :·the ccJ"nnectedJ>r6petties of bodies . 
exp res ~>.tt .d _.int9 j9int:. y:<;t~iations ., and .3. ~ .. aesthe.~ic ~implicity. · .. :.: .. . :_ ·· . .. - : .. ~ 

. t~ ., 1 .. ·•, • • .. _ • I ' : ' 'If ~ •:: • • , • t ; ••• ., }'. • ,. . • • • , • " • 7 : .. . 

43. .l:h~ .. iVJO,r ,d :'.'animal ~ .r-. glo.s$_.es this .deep· andi difficult distinCtion:. ·: 
"Ev~.rything lives whi ch partakes , of heat •• • ,_ , ·an things · do t1ot; .. .. 

-,. -- ~· _, : ~.·.: .·.· :· -- 'J; . 
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however, have soul" (Diels 1449, 24). 

~4:4. _ _ ,_ReplllbJi~ ,_ : 3;6$ e 5; Timaeu·s 1 9 ·b 3 f.· 
. ·i 

- . "' .' '.".; ' .. _ . -• I "--~ ,-_ 

4·~-. '. ,_ cy.£.. -~·'1it~h._e-a:,d, Science and ~Mod.ern World, ch. 2. This is not 
to, . ~ay _,that., : iP. a loose and personal wa:y·~ the scientists themselves are 
not . ~ytl_?.q.gpr:eans : in the sense described. I have certainly come across 
t:r:ace~ _c;>f :thisAs the popular writings of De Broglie, Einstein and 
'Heis-·en:berg~ but it seems to be more a matter of the feeling their science 
arous~s in them. than of the assumptions of the science itself. 

~ . : ' . . . . 

46 •. _. .T,J;ii_ ~ '.w~ll, of c.oQ.rse, · be a most incomplete, though, I think, not 
a mi~le<i.diz:ig sketch • . _ The cosmology of the P 'ythagoreans has arith­
molo,gica.J;, geometric,. astronomic, ''physiCaln artd. tret~ical" aspects, 
all o'fwhich .fit i~ with the musical paradfgm, being either antecedent 
or consequent to it. T:he- advantages of music as· a special study are 
precisely .in its rnicrocos:mic, i.e.; . inclusive but small-scale nature 
{cf. Theon, . p. 96, 1 O f. ": ... • • the musical and geometric and arith­
metical relations :( /\ o "f o l.- ) of which the. har1nony of the whole 
consists''. 

The sources reporting on Pythagorean cosmology a"J. .. ~ collect'ed in 
Gre~k in Diel~ I, 446 f. Of these, these passages in the Metaphysics 
are the chief ones: 

985 b 24 £. : cosmological principles; 
_ 1092 b 8:. J~ : Pythagorean theory of number with a refutation • 

. ·.,· 

Of the older Pythagorean texts, the· chief ones are the fragments 
of Philolaos; (ibid. · p.. 398 f. ) and Arc-hytas (ibid~ p. 421 f. ) . 

It is generally agreed that the Timaeus· and the Epinomis utilize 
in whatever strange mode --- Pythagorean doctrines. 

47. Pstm:l·o. ... Ale:X:ande:r (p. 601 ·1 3 f.) sp·eaks of the 11inb~tweeoi' and 
"distance'·' ~'through which" ( ·di.> o<S· · -) thfogs change into each 

c ~ . 
other. _Sli:ch thing.s _mus.t be : · o ro r ·<c_v ~ 
48. :-Philebus _ 16 .c 1-2. '.'There is no nobler' road, nor · ever will be, . * . 
than t_~at of which I ,_am a lover"-, says Socrates (ibid. lS >.23~0nd he 
goes on to illustrate what he is saying by a consideration of the science 
of "voice" and then harmonics. Again music is the paradigm study for 
the b eing o_f ~he world. . . . . , _. · -

49. T~e. -~9;rd . "clemiurge'.'-is -used in this context· before the w1-iting of 
the Timaeus~ e~ g~ He~acleitus: ·.-"Logos · is the demiurge of what there 
is" (Diels I, p. 145, :35'); Philolaos: ''father and demiurge [qf. the 
cosmos J '.' (ib~ci~ : p. : 418., .11 ). ; Philohms' expression -shows the double. 

*in t h ::: begin~ii;ig ._o:f ~~peeC:h apout .this otderin-g
1 

'df"the .1 world by .the one · abd 
the ma ny - he actually uses the word Ju; .. v ... EV-.o~~vo. (ibid. d U. 
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·. '. ' : . , . . . ' . . "f: . 

natur~, :of the P~hag·o:re~ri· c_6s~8s::. ,as _ living thi'.ng ·9.~~~ ii 0,r,i°g,: .t):,~.n.~~ .:· . 
it has _a fathe.r; . as·· arti~act', of 'artifact's lt p~~i an." *rt'f~~~ : .-1-'.'as __ -~·gai:Q.~t 
it taken ·g> u«i ( )-: ·; :: . . .iri"~hich . asp.e~( i(h.a~, ~ ,:~_o'v:~r. - --~il: o\.vci:rk~ : . · 
from the insid·e; 'ivfotaphysics - 1070 a 1 ·-sr~ .... . . ·.· . ' . ,. . ···' ' .... .. .. : 

50. In ordinary life a canon tells what the r.ight, pr.~po~tj.OJ;lS are, . and 
is used by architects and sculptors (e.g. Polycleitus 1 C-'anon of human 
proportions) •. I~ _is, ,therefor~, whqt th_e c:le.~~urge . ~£ t~~ .Timaeµs .. . 

... ·mu·st 'be ·usirig '(<'.>r ·ih~ £Htin:g :of: 1t_'f:i·~ · .. w?o~~\ .. ·Jri a·n~t~e_r .. \rer~iql'l . · , : · _, 

~~~;~:·~~t!~::~~~~~!~tc:i~~r·~ji;~\i~/ 2 ~.;~ · \i,:il ~!:iix~~\ ;~~J.~"~ > •· .. · 
the·fittin'f~ pa:t~ 'of :th.~ J'oH~ ";blit .f~)~ 'tii·e ._ c.6t1stit-~hcin°_,~f. the:_.elemen!.s . . . , . . · 
of the whoFe." ':And' s1iice the Pytha:g'df:ea'n el~~~~ts ' . ~~e .. mimhers ' '. 
(Metaphysics 986 a 3), this is another example of hp~ in the 
Pythagorean world tool and artifact coinci~e. 

. : -. ; . : : . / ~ - .. . ;. ·.: ... . \ . : ~ . . . . 

51. Stenzeti '. P~ " l-01 ('Tannery's idea) .. 
. , t 

52. THis : latfor :1s'{of· course' , ~ both an .oide.r and .a'. farm.ore .-weighty 
difficulty ··: (Phaedc)' ' 65 ~ .. 9 r.' ; '·96· ·a· 6 r~· ); .... · · , ·' · ,~ _. _, _ · . · · · . · : .. ; 

53. Those who have heard Mr. Strauss lecture will find .this 
metaphd~ ' fa:~iliar. . I hav~· also ; he'ard · -~eit~O"n'.~· :wh·y it ·is 'nof ·a. _. 
metaphor. · 1 : .:'.} ~ . . • .. -.- .. ~ •... ·1 

•• ' . .' . .. .. • • • • • • • 

54. i:canri6t·: help: ~emarking that ·th~$;~ tongu·e..:iri~ch~ek ~:li~s qtii ~it_i~n~ :·~ 
o{:St>'cJ:at~~s- ~ : __ 'l:>.e~ :the.y on geiie.alog._y~ ·~: fo·c ·al ·mythology·~ . o~· te_cJ;iriical . '·: .... 
subjects' all s'ho~ s6m'ething . ~bOut bl.~ that; w~ te~d t:o 'f~rget . , -- ~ · . ' -

. altog•the·:r --'-•·how mariy ;thinis ' he'knew~ ·";' . ., . . . . . . : . . · ' " 
~ ·~ · . . i ···. -~ . ' _.: . . · . 

55. ct. : rh~ _ .. f:r{~shrnan Physics Manual, .p • . 31 f.-+ It is said· ·there·~ - :~t :; _: 

that the cotnrp.~~-'represe.nt~ - that residl1e: of'i'rre.mova:ble irrationality · ,{ _:. 
c alled. ' 'tragi-;::. t;l.e,ces s,i~y"; I : cannot .fi11<i the • exact source ·for !this but· 1.· ! 
it makes good sense . .. But compare Plutarch's statement th~~ 
"necessity is/'.a ... ·musical'', "Diels I, p~: '3;s·a-~·~13.~ · · .see· Diels · I~ , J?~' 'ios .. ·--'. 
on the comma. ... ·' · · ;:-",, .:· ""' · · 

. . . . . .... -- .; .... -. . ·- -·· ... . - .... --- -. . ... .. •.. . . . 
: . ~ : . . . . ! .. ~ . _ . . ·_ ~ :' ; 

56. It is, of course, the obvious assumption that it is an example of 
. }'pure" :harm-0n~cs, se·e ·Tannery·,; p. :. 218 (who· has re;;rvationsk :'.: · 

~' •:- .· .r. .. :"_', t. ~ · ... ·:~ : : : t \ • i_ ' : .. : ; · : ' ~ " \ : ' ~ ; . .'I: ' ~ • I .,,: • ,', '. 

57.. ..Mrs.:: Gµstiri has .·a. great dea:l of.: inf:ormatioh!precie·ely Jon tbe"1 ' • .... ; .. : ~ 
proble.rn · of:~p_ur~ly , :mathematical harmonics. ·· ·._ .. . :. ·;,_ ·· · 

It might be objected that Nicomachus (Introduction to Arithmetic, II) 
and Th.~t?n:JP~ ; ,73.,, Zl .. f • .l p:r.-e·seJ;lt such ·a 'scienc.e,_ ·since"they s·ai.1/ : ,. :~. 
they do. But n,othing 'is .d.emons.trated :ih .thetr ~ .~29.k.:~ i(Whi:c~. <;_qD.t:iiin · rio. 
theorems), and they are consequently descriptions and not sciences. 



-62-

Furthermore both say that this "harmonics in numbers" is useful 
for cosmological and physical studies which, they think are its 
object. In Theon (p. 17, l 0-11), at least-, this is pure and mis:'"'· 
placed faith, accompanying the thoughtless Pythagoreanization 
of Plato. 

58. .See .Gorgias, 4!U l:> 5 f. 
. ( .'. 

59. Aristox~:~U:s ., '. e~l. Macran, p. 223.' ·1 ·gather that·"being- ·compourided 
of" was thought. of a~ a "co~nterpart~ ; ~ithin the th:eory ·of 'J:)roportion, .' - . 
to "be.i.~g .in. prqportion." from the fa~(that · in. the El'ements· ·the. sputi<>u.s "' 
definition. o.f.~~mpoup.d r ,.atio' w~s ~iris:eited 'in "Book VI in tne ve·ry place· " · 
where tl~~".f~m.·pµs ·n~.fip.iti~n V ~f propo~t~on 's.tahds' i .n ·Book V. 

~ .'· .· : .;' ~ ' 

60. The movement 
arithmos : arithrrio~ ' arithinb$··· t" arithmos-' .. 

~logoslf..:-- . . ~logos~ 
~~nalogia~ . . .. :· 

is usually calle.d ... attaining a higher level of gene r~lization ", and 
looks lil(e a proces.s of unific'ation," except that the elements to be 
unified drop out on the way. . . 

61. See Mr. -. J _. W • . Smith'_s preface to his translation of Vieta 's 
Introduction to the Analytic ·A rt. 

The , _cutt~µg :o(the _canqn i~self would have had special possibilities 
had mu$i~p.1 cc;mside~ation be.en dropped in favor of ·purely 'ciathematiC'al 
ones. For .if. the scale had been completely diatonic (in which ·case 
everything harmonic to the Greek ear would have been lost); the canofr · 
would have become a slide rule, i;-;hich "the ordinal number of each 

---- 9 
tone in its position on the scale. would have been that exponent of ~ 
which ~as represented by that string len.gt.h;: i.e. J the number ·a 
of the tone third highest in pitch, 3, would have indica~ed that this 

tone's po~ition. on the canon marked the length (~) 3 , c~ f. Notes to 
. 8 . ' : . . 

Prop, XII, Freshman Physics Manual p. 48. And so logarithms 
would have been invented. 

. . . . ' ::> I 

62. The.on, p. 82, 22 f. ··quotes Eratosthenes: "The beginnin·g· ,· ( Q \:::\ V'). 
of proportion is ratio • • • "; p . 111 1 4 f . : "Thus a proportion, when 
dissolved, will be brought back to ( l vo.., .AU tJ .~ a- S T~l ) tha.t which 

' _) ' . . . ' -
it was before it ( 1T f o C\. uT 1 C) · ) and from which it y.Jas con-
structcd11. 

~· -. , .. I : .. ; ; 

63. On·the ,·r·elation of. jo.int-variation to proport.ion, see the maru.~.al 
called Variadon: apd ;Units, · p. : 4 (available . in the l~brary)~ : 

\ '. 
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64. This is an understatement. One great sign of the greatness 
of his tradition is the title of a book by the man who is regarded as the 
very model (Peirce 1 Philosophical Writings ed. Buchler1 II ii; 
Einstein1 Essays in Science1 "Johannes Kepler") of the modern 
scientist: Harmonice Mundi (Kepler, Gesammelte Werke,, VI). 
But perhaps what Aristotle says in Metaphysics 987 a 29 f. counts 
for yet more. 

Note on the Notes; in aid of those to whom this remains a concern --­
this .;ri.ting, to which there are z5 footnotes, comes in z3 sections, 
of which zl, the first and the last, are underscored; see Theon, 
p. 94, 10 £. 
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b~twecn conics and an~lytic geoQetry, end it is 
indeed its general solution in the first book of 
Des·cartes' Georaetry which marks the real beginning 
of that latter science.] 

It is, of course, the object of this Note to uncover 
a little of the "method" of Apollonius. 

In Fig. I let DZC be the axial triangle of a right cone, i.e., 

a cone with a base parallel to the pll\ne of the generating 

circle. 

Now pass a plane through the cone parallel to the base. . This 

will produce a circle. Draw one of its ordinates y,cutting 

the dianeter into segments s and t. Dy Euclid VI, 13 

... . 2 
s • '- =_ y 

and this holds wherever the foot 0 of the ordinnte falls and 

wherever the plnne is passed through the cone. 

Now pass three plil.nes ,through the cone, such that each cuts 

the circle in line y, and so that one is parallel to, the 

second is neither parallel to nor cuts, and the third cuts 

side AC of the cone. These planes will cut the axial triangle 

in lines AE, A' E', and A"E" and will produce respectively a 

parabola, a hyperbola, and an ellipse. The abscissas are 

marked x, x', and x". 

Now each section can be related to the axial triangle, and 

thus to the cone, through its ordinate, since y2= s • :t and 

s and t appear in several proportions involving the axial 

triangle. 

Thus, because of the similar triangles: 

for the parabola for the hyperbola for the ellipse 

s AZ s CZ' s CZ" = -= = ,sin9e BC DZ DO ZZ' OF ZZ'' 

t BC t BZ' t BZ" = = - ,=. 
x zc x' zz·· x" ZZ" 

-d-

E11 C s 
= E"F OF 
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so that: 

for the :parabola : for the hypc:;rboln for the ellipse 
.· . . . 
AZ CZ' : .CZ" 

s = • nc s = • DO s = • OF BZ ZZ'. ZZ" 

t 
BC ·BZ' 

x' . t .DZ" 
x" = • x t = zz. • = ........... • CZ .zzn 

and: , 

s • t:;:: • DO. x ' . ·(DZ.' ·CZ' ) 
·. ZZ' 2 I 

s • t= ( ~Z" ._czu . . )- . x" 
\ ZZ"2 ·OF . 

Therefore for each section the square on the ordinate is· equal 

to an area produced by .the abscissa and n ma~nitude derived for 

that particular situ<;ltion (i.e., angle at which the cone cuts 

the base) of the section in that particular cone. 

Foi;- the parabola. this magnitude ·is constant for any y and is, 

when taken as the leneth of a l.ine, its paro.oeter• P, the "para­

neter" being a constant I "ne.asure laid alongside" of ·some·thing 

to determine its character. 

For the hyperbola this magnitude includes a chan8ing factor: 

OD, the diameter plus the .. abs~issa x', ·changes as ·o is taken 

differently~ i.e. as the circle is o6vcid up or dowri in the 

cone. Subtract x' 

p = 
h 

fro~OD; then 

· r nz · • · · · cz • · 
l ZZ'2 

the paranetcr is: 

• (OD - . x') 1 
, . I ' _. 

OD - x' is n · c~nstC.n:t, namely the :diatneter A 1 D. 

since 

For the ellipse the r.iagnitud:e within the parentheses wHl · 

become constant for: 

p = 
e 

I • (OF + x11\ . 
l nzn • CZ" . . . J 
L zzn4 .. .. ~ 

OF + x" is the· diameter A"F. · 

where 



Pare.bola 

Ellipse 

The latter two sections, the so-cnllcd central conics, which 

have diameters, nre ciso· e_o-<;b o..s.~ocia~ed with a. figure or 

shape < £ l Jo 5 ) • Behind the figure lies a ratio 

{ /\ o y 05 ) which gives the snme look ( €, L d <? S . ) to 

all similar figures, namely the ratio of the diameter of the 

section to its pamnet~r.. (The par~p~t~r therefore hns no 

proper position, and it certninly is not fixed into the cone 

like a nail.) 

Here nn .nlgebraic expression will show very .clearly how . the 

figure helps to define the particul.~_::r:- . $~~~ion. See nlso 

Figure II, below. 

Multiply out and rewrite the expression for Ph: 

Multiply by x•: 

Dut 

nz•. CZ' 

zz• 2 
• OD BZ 1 • CZ' 

... zzr 2 

(nz' • cz' • on) x J .:= s • . t .zz• 2 
/ ~ .... .,• ........... : ............. ~ ....... . 

· .Hyperbo!.9:. 

D 

i 

• x' 

• x') x' 

i._:_4 - ·--. ·- ................... ,_;..-;~ .......... ...:.=¥ 

.. 

Figure II 
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So that : 
.' . 
• . i • •• • 

Ph .·. ~l x' ; ,.'~ .... s : .~ ~ - {:·.:·· ·(Dz•. • GZ'· ) 

·'. . :: 1 )· :· '.: . . . < .(.' :·: :ZZ I~ ' . . 

2 · . x' 

Multip~y the . subtm~ .. t~vc ,el<;pression on the ri3ht by ~~ - : : 

: . ; ; : ~ > :· • ; • . ; . r 

BZ!:· ... CZ.' . , OD._ "x' · 1· 
::;::=:=z=z=·=f=:==========:;;;;;'=·== · · 

OD • x' j 

This expression cnn be seen to ~e~ 
; : · ·. _ ... ; · .. f . . 1 _: : ,, • • L. ·. ·.1 ··. . : :· 

. . ~ : . . . . · . .. . 
·A\··@a!~~::=~~r · • nhsciss~ 2 

· , 

so that after substitutinG and re-arranging 

p 
h 2 

A1 D .. • . .. x 
I .• 

or the square on the.. prdinate as nn nrea fnlls beyond or 

exceeds the area contained by the pnrnmeter and the abscissa 

by an nrea [equal to the square on the abscissa] which has 

·sides in the'. .: '.rn·ti'() of. the _pnrnri1eter ·t~ the dinneter; this is 

the \ o ~ o s. · . of. the e 1 cf o S • . 

-g-

The same thing cnn be done for the ellipse, in which case ·the 

expression will i•n the· end· be:. 

2 
.. y = p 

e 

p 

• x" - e A"F 

and y2 will fall short of P 
e •X" • 

{ .. i·' 
The circle i~J in the derivation of its pnraneter, n specinl 

case of the .ellipse, since in the expression 

s • t = ( BZ" • 

zz112 
x" 

CZ" 

.- none of the 
,· 

G?aghitudes nr~ fi.nite except OF = s nnd x" = t; so that, the 

expression in .. '.t:he.;: pnrenthesis becomes a fi~~-~~ c.qnstant if 

· js + t = diameter = Pc 

~. 
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o.nd 

2 
I? 

2 (s+t) 2 
2 2 p c p p y = • s - s .. = • s - Wt)-2. s = • s - s , c dio.m c c 

and thus the (lJo) of n circle is ll sq·uare. 

But whether it is really right to call the circle nerely a 

"special case" of the ellipse, as has been done above, is an 

interestinp, question -- both in .view of the general observation 

that special cases u;su.:: lly hcvc 1 01.:~ -c .t~c1 i08 in. 

modern mathematics, but also in view of the particular role the 

circle plays in the Conics in connection with the parameter. 

He are, as so often in Apollonius, by reason of his high 

cunning, left full of adniration for the device but quite in 

the dark concerning its discovery. How did he come to think 

of it? (Since it sccns to be ngrecd that it was Apollonius 

who naned the sections according to their falling alongside, 

beyond, or short of a paraocter, there seems to be sood reason 

to think that he too first derived parameters for all three 

sections.) Perhaps, we might answer, he found the parameter 

through considerations centered on the circle in some such 

nanner: 

The circle is in a way responsible for and prior to the cone, 

since it guides its generation, while it is also itself a 

section. It mi3ht therefore be possible to refer the other 

sections to it. Now the coordinate of the circle has a 

property well known froo Euclid -- its square is equal to the 

product of the segments of the diameter, one of which may be 

considered as an abscissa. If then the sections are oade to 

have this ordinate in cor.inon with the circle, several pro­

portions arise by which their abscissas and, in the case of 

the central conics, some part or extension of their diameter 

are related both to the axial triangle of the cone and to 

the rectangle contained by those very segments of the circle. 

That is to say, the rectan3le with an abscissa as one side and 



some mngnitude derived froo the mdnl trianele through these 

~ segrnL;nts: _(and thus .constant for that cone and that conic nnd 

hence "paranetri_c"-), w~ll equal the square on the ordinate 

if ~here be added or subtracted a certain area.. And on 

examino._tion, thi_s a:i;-ea proves tQ have the magnitude of the 
. . 1' . 

~q~~e o~ t~e abscissa and the look of n rectangle c?ntained 
... t. . .. . 

by the .diameter and the parameter • 

.,. .. ... ~ i : 

~. ~ . ' -

·, _, ··. ' 

• . ,I J. ' 

. · ,· · r . 
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