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KANONOZ KATATOMH

(Sectio Canonis) o

In the exercise on Musical Intervals in Chapter V of the Freshman
Physics Manual the begmnmg of a 11tt1e anc1ent work gwmg the

............

there would be silence { ‘& v ) nq ); if there W'e:'r'éwsilenée and nothing

which was moved nothlng would be heard for if anythmg is'to be heard
there must first be a blow (. n‘,\v\ yq ) and a motion (K ¢ Vo).

So that, since all sounds occur 1 when a blow is struck and it is impossible
for a blow to be strgc}c unlgsg the;‘e_ig fyicr&st‘r‘notion - butof motions

some are more frequent ( T ()K'\/é‘\‘é?ﬂt) while others are more
intermittent ( c)xgou C;T£€Q.L), and the more frequent motions make

higher ( 5 iw\'ﬁfwog } sounds { QS)Oi\i \{OUS } while the more intermittent
ones make lower ( {5 af\)Té eovs) sounds - some sounds must of

necessity be higher, since they are composed of more frequent and more
numerous motions, while others must be lower since they are composed of
more intermittent and fewer motions. So that the sounds which are

higher than they should be are adjusted when they are relaxed (cl\/\ £ pr é\;ouj )
by a diminution of motion, and the souraxds that ai’e lower are adjusted when
they are inte;’xsified { gn LTelv O/J g/vous ) by an addition of motion.

On account of this it may be said that sounds are composed ( crx,»\l w a?a'-am)
of parts, since they are adjusted by addition and diminution. But all

things which are composed of parts are said to be to each other in the
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ratio (ev ACYWQ) of a number ( o Oprou ) to a number, so that

sounds must also of necessity be to each other in the ratio of a number
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to a number. And of numbers some are said to be to eaeh other in a
.multi'ple! ‘some ina suﬂpe::pe'rti,cular,__; and some in a superpartient ratio,
‘so»“t:h.at .eo}lnds tnu‘et also of p,ec:eel‘s:’ity_:pe sai\d_.to be in 'such ratios to one
apothe;.'. ' of these the mul(t:ipgl:e. and the _superpartieqlar have a single name
for their telation toward each other.

, We kno—w that of sounds some are, .consonant ( cru/uégw vQ\-’j) and

others dissonant ( cfua c.?wVOUj s and that the consonant sounds make
one mixture of both Eounds of an iqterval], while the dissonant sounds

do not. S1nce th1s holds for them, it as hkely that the consonant sounds,

3 " -..-..t....--.--
5 WA -

‘since they make one _mixture,fo{ voice of both, should be expres sible in
ra‘t_iosvof those pgmbers wluch‘ have a eing{e name for their relation-
to;ard eaeh other, whether they be multiple or superparticular.

) | v CERE

If a multiple inte rval, when doubly compounded, makes .some interval,

this interval will itself E&multiple. _

Let there be an interval B-C, and let B be a multiple of,C, and as GC.is
to B, solet Bbeto D, I say that D is the duplicate.of C. Forsince B
is a multiple of C, C measures B.. But .a_,st:iet,_o B, . s0 is B to D, ;so that

voe -
DR 3 i

C also measures D. Therefore D is a multiple.of C... . .

* The diagrams from the l\dia';‘"xih'sériptéﬁa;{'e' on the D':ie.g ,ram sheet, at
end of Section F,
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11.

If an interval, when doubly compounded, makes the whole multiple, it
will itself be multiple.
Let there be an interval B-C and as C is tc B, so let B be to D, and
let D be a multiple of C., I say that B is also a multiple of C, For
since D is a multiple of C, C measures D. But we learned that, if there
are however many numbers in proportion, and the first measures the
last, it will also measure those inbetween. Therefore C measures B.
Therefore B is a multiple of C.

s & & ¢

' ‘Neither one mean ( <¢ool ) humber nor more fall within the super-
J il -

3 a wia & Bl . . § J / =
- particular interval proportionate-wise ( ‘o va A o\/ ov).

Let ‘there be'a superparticular interval B-C% - And lét the least numbers
which stand’in the same ratié'B to C be DE; 'F. “These then have only
the unit as a common measures Subtract BE equal to F. And since
..DE. is 'a superparticular of E, the remainder DG is a common

measure of both DE and F. Therefore DG is a unit. Therefore no
‘mean will fall between DE and F.'' For the'mean so falling will be less

" than DE and-greater than F, so that thé unit is divided, which is impossible.

" Therefore none will fall between DE and F.  But as many means as fall

between the least numbér proportionate-wise, 'so many will fall
proportionate-wise between those(larger numbers:}having the same ratio.

And none will fall between DE and F, nor between B and Ci



Errata to The Collegian

Supplement
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p. 48: The reference of the gnomon to astronomy is inept}
Philolaos probably means the arithmetical gnomon,

p. 63: Last paragraph - it should, of course be 26, cf,
Nicomachus 1,16,

pe g¢ IMiddle of page - ,..by an area equal to the square
on the abscissa reduced by the number equivalent to
the ratio etc,....

just below - ,..,the expression in the end will be

P

e
}’2 = Pe‘x" - g e x4 2

There are indubitably many

other errors,
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If 2 non-multiple interval is doubly compounded, the whole will be

neither multiple nor superparticular,

For let there be a non~-multiple interval B-C, and as C is to B, so let

B be to D. I say that D is neither a multiple nor a superparticular of C. For
first let D be a multiple of C. Then we learned that, if an interval when
doubly compounded, makes the wﬁole multiple, it is itself 3lso multiple (II).
Therefore B will be a multiple of C. DBut it was not. Therefore it is
impossible for D to be a multiple of C. But neither is-ita"superparticular.
For no mean falls proportionate-wise within a superparticular interval (III).

But B falls between D .and C. Therefore it is impossible for D to be either

2 multiple or a superparticular of C..
V.

If an interval, when doubly compounded, does not make the whole multiple,

it will not itself be multiple. -

Let there be an interval B-C, and as C is to B, sc let B be to D, and
let D not be a multiple of C. I say that neither will B be a multiple of
C. For if B is a multiple of C, then D will be a multiple of C. Dut it
is not, Therefore D will not be a multiple of C.
VI. g |

The double interval consists ( ouvscﬂ‘r\mv )P_f_t_}l_e_z two

greatest superparticular ratios, the sesquialter [3:2} and the sesquiter-

tian (4:3}.
For let B-C be greater by a half than D-E, and D-E again greater s

by a third than F. I say that B-C is the double of F. For I took away
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E-K equal to F and C-L equal to D-E. Tl;en, since BD-C is greater
by half than D-E, D-L is the third part of B-C, and half of D-E,
Agaiﬂ, " 's;;ncev D-E is greater by half :th;n'-'I'f}, D-K is a fourth of D=E -
and a third of F. Then since D-K is a fourthof. D-Z, B-L is half = -
1 of D-E, so that D-L will be half of D-K. And B-L was a third °
part .p,f_Bg,C,.‘ The;zefore D-K is a sixth part of B~C. And D-K was a -
third part of F. Therefore B-C is the double of F..
.. Alternate

Let A be greater by a half.than B, and B greater by a third than C.
- I say that A is the double of C. For since'A is greater by ahalf than

B,A contains B and its half,: Therefore two of A are e'quai to'three ‘of
B. Again, since B is greater by a.third than C, B-contains Cand its
third., Therefore three of B are equal to four of C. But three of B
_:,‘?.rg;equa_l to two of A.: Therefore two of ‘A are equal to four of C.
vTherefore A is equal to two of C, Therefore A:is the double of C.

VII,

From the double interval and the sesquialter interval the triple

interval ( TeﬂT)\é&_O’LOV) comes to bes

For let there be A, the double of B, and B greater by a half than C.

I say that A is the triple of C. For since A is the double of B, A is
equal to twq of B. Again, since B is greater by half than C, B contains

C and a half of it.. Therefore two of B are équal to three of G. Theréfore

A is equal to three of C, Therefore A is the triple of C,
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VIII.

If from the sesquialter interval the sesquitertian interval 1_§ taken

away, the 'i'emainfng interval which is left is the sesquioctavan.

For let A be 'greater by a half than B, andC ‘gr'e'a-te’r by a t};rd :thanA

B; I saythat A is the sesquioctavan of C. caos

For since’"A is greater by a half than B, A contains B a.nd>it;slt h.val.lf. o
Therefore eight of A are equal to twellvl'é 6f E. Again sincél('i. i's‘ ég.reat,te;n
by a third than B, therefore C contains ]:3{:a:‘14d its third.- ‘i’hérefore mne
of C are equal to twelve of B, and twelve of B are equai to eight of A.E
Therefore eight of A are equal to nine of C. Therefore A is equal to C
and an eighth of it. Therefore A is the 'é"esqdi.oc.:t‘égra‘n of & it
IX.

Six sesquioctavan intervals are greé.féi‘ than one double interval.

For let there be one nurhbel;, A. And let A be greater by anv e1ghth o
than B, and B greater by an eighth tha?i C,a.nd C gfeater by‘a;ﬁ eigl'ltl;.
than D, and E greater by an eighth than D, and Fgreater by an eight.hh ..
than E, and G greater‘by'anr eighth than F. Ay sidy -fh.at G is greaté-rct':han
the double of A. ol tol Gaid wa L
Since we learned to find seven numbers, e’a‘c.h'greater by an eighth

than the preceding, let there be found A, B, C,”b,j‘E, 3, 168 and 1'.et'» :

A be 262144,

B - 294912

C - 331776
i v - 373248

E - 419904

F - 472392 - o itk '
G - 531441, and G is greater than

the double of A.




X.

The diapason interval is multiple.
Let ther‘e be‘ the inete hype‘rbola‘eon A, the‘mese B, and the proslambano-
menos C. Tl;elrefore the iﬁtéryal A-C, since it is double the diapason,.
is consonant. And so it is either superparticular or multiple. But it
is not superparticular, For within a superparticular no mean falls
proportionate-wise (III). It is therefore, multiple. Since then two equal
intervals, A-B and B-C, when compounded make the whole multiple (II),
A-B is also multiple.

XI.

The diatessaron interval and the diapente interval are each super-

particular.

For let there be the nete synemmenon A, the mese B, the hypate meson

C. Therefore the interval A-C, since it is double thev diates saronv, is
dissonant. Therefore it is not multiple. Since then two equal intervals
A-B, B-C, whren compounded, do not make the whole multiple (V),

A-B is not multiple. And it is consonant. Therefore it is superparticular.
And so also for the diapente.

Xil.

The diapason _interval is dquble.

For we showed that it was multiple (X). And thus, it is either double

or greater than double. But since we showed the double interval to
consist of the two greatest superparticulars (VI), so that, if the diapason

is to be greater than double it will not consist of only two superparticulars i
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but of more - and it consists of two consonant intervals, the diapente
and the diatessaron - therefore the diapason will not be greater than
double. Therefore it is double.

But since the diapason is double, and the double consists of the two
greatest superparticulars (VI), the diapason consists of the sesquialter

and the sesquitertian, For these are the largest, But it consists of the

diapente and the diatessaron, which are superparticulars (XI). Therefore
the diapente, since it is larger, is the sesquizlter, and the diatessaron
the sesquitertian.

Now it is clear that the diapente and the diapason are triple. For we showed

that from the double interval and thé sesquialter comes the triple interval
(VII), so that the diapason and the diapente are also triple.

And the double diapason is quadruple ( T¢ T(qﬂko\,m:ov).

Therefore it has been shown for each of the consonant intervals what
ratios the containing ( wg_?y{g,x oV TQ’S' ) sounds have to one another.
XELE;

It remains to be said of the tonic ( Towvey a’ios ) interval that it is

sesquioctavan [9:8],

For we learned that, if from a sesquialter interval a sesquitertian
interval is taken away, the remainder which is left is sve,squioc_tavan;- (VIII).
And if from the diapente the diatessaron is taken away, the remainder is a
tonic interval. Therefore the tonic interval is sesquioctavan.

XEV:,

The diapason is less than six tones.

For it has been shown that the diapason is double (XII), while the tone
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is sesquioctovan (XIII). And six sesquioctavan intervals are greater
than the double interval (IX). Therefore the diapason is less than six
tones.

XV.

The diatessaron is less than two and a half tones and the diapente is

less than three aﬂg._'g half tones.

For let there be the nete diezeugmenon B, the paramese C, the mese D,
the hypaton mese E. Then the interval C-D is a tone, and B-E, which
is a diapason, is less than six tones (XIV)., Therefore the remaining
intervals, B-C and Df-E, -which are equal, are less than five tones.

_ So that there are less than two tones and a half in B-C, which is a
diatessaron, and B-D is less than three tones and a half, which is a
diapente.

XVI.

The tone is not to be divided into two equal parts or more.
For it was shown to be superparticular. And within a superparticular
interval neither one nor more means fall proportionat e~-wise (III).
Therefore the tone is not to be divided into equal parts.

XVII,

The paranetae and lichani are to be obtained through consonance

( /\.V\&SﬁcovraL CS\L(\JL GL}LQQW L’O\S) thus:

{
Let there be the mese B, Let the pitch be raised ( ETLTETAC 860 )
a diatessaron to C, and from C let it be lowered ( &.\/ £Lo U ) a

diapente to D, Therefore B-D is a tone. Again, from D let it be raised
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a diatessaron to E and from E let it be IO\K;ered a diapente to F.
Therefore F-D is a tone.
Therefore F-B is a double tone ( JC TOoV 05 ). Therefore F is a
lichanos. Similarly also the parametae are to be obtained.
XVIIIS

The pafahypa.t‘ae and the tritae do not divide the pycnum into equal parts.

For let there be the mese B, the lichanos C and the hypate D. Let

the pitch be lowered a diapente from B to F. Therefore F-D is a tone.
And from F let it be raised a diatessaron to E. Therefore F-D, and
also B-E, is a tone interval. And let D-C be added in common.
Therefore F-E is equal to D-B. But F-E is a diatessaron. Therefore
no mean falls proportionate-wise within F-E. For the interval is
superparticular. And D-B is equal to F-E. ‘Therefore no mean falls
within' D-C, whichis the interval from a hypate to a lichanos. Therefore
the parhypate does not divide the pycnum into equal parts. And
similarly, neither does the trite.

XIX.

To mark off ( KatTao Y foi\t; at )the canon according to the so-called

invariable scale ( C?»/M £ c'\(}.o Xov cloT r\/uo. ).

Let there be the length of the canon, which is also that of the string

( X o QC)V/\‘ ) A-B, and let it be divided into four equal parts at

C, D, E. Therefore B-A, which is the lowest sound, will be the
'boomer' ( @c’)/;ud?)u% , lowest flute tone). But this interval A-B is
greater by a third than C-B, so that C-B will be consonant with A-B as

a diatessaron upwards ( in pitch - *én't Tﬁ\\/ : éi;\,\STV\T’c\ ). And A-B
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is a proslambanorrx-ehes':' Therefore C-B will be a hypaton diatonos
( ch c\/ ToV Qj ). Again, since A-B is twice B-D, it will be consonant
as a diapasen, and B-D will be a mese. Again, since A-B is four times
E-B, E-B w111 be a nete hyperbolaeon. Icut C-B in two at F. And
C-B will be double F B, s0 that C B is consonant with: F- B.as a dxapason.. A
So that F-B is a nete synemmenon. I took away the.third.part D-G frorh 4
D-B. And D-B tv111 be greater by a half than G-B, so that D-B will
be consonant wlth G- B as a d1apente. Therefore G-B. will be;_a_.tzx;,ete a5
diezeugmenon. I set out G-H equal to'G-B, so that H-B will be
consonant \'z’cnth G B as ; d1apason, and H-B is a hypate- meson.. I took
H-K, the thxrd part of H B and G B will be greater by a half than
K-H, so that K-B is a paramese. I took L-K equal to K~B.and L-B
will be a low hypate.‘ Therefore al‘i.'rthe stable -( ? écr TWOTE S

- A Y b
sounds oj the invariable ecale w111 have been obtained in the canon.

XX.

It remains tovobtam the Shlft]J ( ée £.p 0).)\ 8\/ o US ). sounds.
Icut E-B into elght parts and I set out E-M equal to one of them,
so that M- B is greater by an e1ghth than E-B. And again dividing
M-B into eight parts, I set out one of them equal to N-M. . Therefore
N-B will be lower by a tone than B-M, and M-B than B-E; so that '
'N-B will be a trite hyperbclaeon, and M-B a hyperbolaeon diatonos.
I took the third part ot :I,;i'-B and I set ocut N-i, so that '}-B;is. greater
by a half than N-B and is consonant as a diatessaron 'dowfnward

3

( EWTL lV\\I GQQUT”\\ a ) and-I B is a trite d1ezeugmenon. Apgain taking

half of—l B, I set out-I- O so that O- B is consonant with i-B as a dlapente.
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Therefore O-D will be a parhypate meson. And I set out O-TY equal
“to -0, so that ﬂ -Bisa parhypate hypaton. Now Itook [ [= C] P
the fourth part of 8-T f= C] , so that P-B is a meson dlatonos. 3

B‘. Text

I have used: Euchchs Phaenomena et Scr1pta Mus1ca, ed H. Menge,
‘Teubner texts. Facmg Greek and Latm. - Large parts of the treatise
are quoted by Porphyry, Commentary on the Harmonics of Ptolemy,
p. 98 f., and by Doethius, On Music, IV ii.

C. Author

Euclid is said to have written an Elements of Music. In our’
manuscrlpts two short treatises are attnbuted to Euclid, the present
Kaveves watatom(Sectio Canonis), and an Elcaycoyy, Sppoving
(Introduction to Harmonics). The latter, is in a way,, complementary
to the former since it deals with the fitting together { &« g/«to Lev )
of intervals into scales or systems ( ov O‘Tq)«la“'ﬁk), as the former
deals:with the establishment of these intervals ( d.a o—TV\ ratal)
themselves. Of these, the Harmonics is by one Cleonides; the author
of the Canon, at least in its present form, it not certamly known

(see Menge, p. XXXVII f. and P. Tannery, "Inauthent1c1te de la
'Division du Canon' attribuée a Euclide¥" (Proclus de Lycie, Les -
Commentaires sur le premier livre des éléments d'Euclide, trans,
P. van Eecke. pP. 62 note 1.) I have not locked into the matter much,
but since ." ¥v TR ToS wavovos EbxAeidov waTtaTtonf! occurs as
reference in Porphyry 'Commentary on the Harmonics of Ptolemy -

(ed. Diring, p. 98, 19; 92, 30) I shall here speak as if he were the 5
author, though it seems, to me that the assumptions of the Canon are
pre-Euclidian; see Section G.

-D’. Glossary (except'See.‘le)

- Canon. - KCWQV ;ruler or measuring rod. The musical canon is one
on which thefmusxcal intervals are mathematically marked off by -
notches, so that-when it is laid alongside an undivided string, the
string -can be divided by means of a bridge so as to have the proper
comparative pitch. Single-stringed instruments of this sort, called
monochords, were apparently used to study pitch. The Kavévec warta-,
justifies mathematically the division of the ruler itself. (See Prop. T‘y""l
XIX, and Nicomachus II, xxvii, 1, ed. D'Ooge, note 1, |

Diapason - Ju: Tacv ; "throudh all" ‘the scale's tones; the 1nterva.1
from the first to the last note; the double interval; the octave.

* Memoircs S-cientifi'ques; III, p. 213 f..'), but ie""ﬁoW'acéepted to be
Euclid.
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Diapente - Jix wévTe ; '"through five" of the scale's tones,
the interval of the fifth which exceeds the fourth by one tone.

Diatessaron - dio ’\’EUO'O,t?QV ; '"through four' of the scale's tones,
the interval of the fourth, Four degrees up or down on the scale,
which comprise in the diatonic scale, where the semitonal interval

is a minimal, either five or six semitones, while in the enharmonic
scale, where the minimal is smaller, the range in terms of semitones
is wider. (See Scale under diatonic, enharmonic). These intervals
‘are variously arranged within the diatessaron, depending on the genus
and the part of the scale.

7
Diatone - (SLOL-TDVQS ; the whole-tone interval 9:8.

, ,
Doubly Compounded - cft\s gu vreJev , bis compositum; compounded
to make a duplicate ratic. The '"doubleness' or '"twoness' of the

ratio comes_out dlrectly in the algebraic notation for a:b cp. bic,
namely (a')2 = ( ) » see Thomas of Bradwardine, His

Tractatus de Proportmmbus, trans. H. Lamar Crosby, Madison, -

1961, p. 20 f.

/ - ’
Double - CY\‘_T)\OLULO‘ ; either the double ratio 2:1 or the duplicate
ratio. \ i X ;

Duplicate - cfur)\a'uu:aj, duplo maior; Euclid V, f)ef. .92 "When three
magnitudes are proportional the first is said to have to the third the
duplicate rat1o of what it has to the second. " © i

Greater by a half than - q }.uo)x Lo 3 ""half (agam) the whole y the
number zr_by a third t than - s,rn‘reu'oS A th1rd besides"y the number
3 . The cumbersome En English ph{ase, ‘Wthh is the Latm "duplo

maior quam',has been used m"\‘wha? the fact that 6 A 700 B totw q),uo—
does not mean A = 2 I, nor reallygA = B, but describes A as: £
containing the whole and a part bes1des of B, i.e. as a superparticular
number.

Interval - (g‘LOe O’T'\M“ '-. ""distance'’; Theon of Smyrna, Exposition _
of Things Mathematical Useful for. Reading Plato, ed. Hiller, p. 81,

6 f. defines: 'Interval differs from ratio, since interwval is that which
is inbetween terms which are both of like kind a_n'd' unequal, while

ratio is simply the relation to each other of terms of like kind. And
therefore there is no interval between equal terms, while their ratio.

to one another is one and the same, namely that of equahty. The
interval between unequals is one and the same from éither {term] to

the other but the ratio is other and opposite from either [term] to the
other, ;

Aristoxenus, Harmonics 1, 15, 1. 25 f, defines: '"An interval is what
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is bounded by two sounds not having the same pitch. For interval
seems, speaking generally, to be a certain difference of pitches
and a place receptive to sounds higher than the lower of the pitches
bounding the interval and lower than the higher of them. And-

the difference of pitches ( * aGelL ) is in being more or less
[high-] pitched ( TeTacUatr - "tensed"), "

The most thorough discussion, with many pertinent quotatlons,ls

in Porphyry's Commentary on the Harmonics of Ptolemy (ed. Diring),
p. 91 f. This passage is useful -and perhaps worth presenting a
translation of, but since it is rather long and the Greek rather easy,

I omit it here, but will be glad to help anyone interested in doing it.

. Mixture of voice - K.?QO"L ﬂ\g C?G\'Vp temperatw vocis; in -

this context C?ww\ as d1st1ngu1shed from éo“or , sound, appears '
to mean composite, musical ''voice!' e. g. when an instrument .
"'speaks'' through several tones as dxstmgmshed from an 1solated
sound. Euclid ,.Introduction to Harmomcs, P. 186, 1. 7:. "sound:
then, is the tuneful falling ( T\‘Tc,gm £ /m—,/\ ) of the voice on
one pitch. " C{, Ptolemy, Harmonics, ed. Durmg, p. 35,26
"Consonance is the falling in the same way and the mixture of two ?
sounds differing in height or depth."

Multlple - T\”o)'»)\ Ok\'()\aG\OS mult1p1ex, Euchd V Def 2: "The
greater [magmtudej is a multiplé of the less when it is measured ,
by the less"; VII, Def. 5: '"The greater number etc.......". It

is also the name of the ratio between such magnitudes or numbers.

I have translated it either as noun or as adjective, whichever seemed
smoothest,

Sesquialter - ;\)\Até)xqs . ; the ratio 3:2, also g as integer
cf. superparticular, ‘

Sesquioctavan - QﬂoycSOOﬁ ; the ratio 9:8, alsog as integer,
cf. superparticular.

23
Sesquitertian , - QU(TQ’ LTCg ; the ratio 4:3, also g as integer,
ct, superparti;‘:i;ila;'x. . e

Superparncular = QTL/A 0€L° i Mg 'a part be51des", a number wh1ch
contains in 1tseif the whole of the number compared w1th it and some
part (i.e. factor) besxdes. - Also the name of the ratios which
together with the multiple ‘ratios form the most important group of
ratios in music (see Ptolemy, Harmonics, I, 5, 1. 13 f). The
_greates superpart1cu1ar ratios are 3:2 and 4: 3 (See N1comachus, I,
cha aff.)) V8 : : : npr

Superpartient - E'm))\afvls + anumber which contains in itself the
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whole of ghe 1numbericompare‘d and more than one part (i. e factor) of
it, e.g. 3, =& . Also these ratios; the superpartients form the
second great class of ratios. . -

E. The Scalé

; 4 :
Scale - OVTTY ma | Aristoxenus, Harmonics, I, 16 defines; 'the
scale is to be thought of ( veoy t?'. OV ') as something compounded

( adv Derov ) of more than one interval ( diaeT pa)
These are the names of the tones ( Tovol , "tensions, " pitches,
or keys) and their meanings: "

S /
Proslambanomenos - vﬁ.foc)\o\/wf} owo/ua veg ; tone "taken in addition., "

Hypate - \jﬁ'é{TV\ ()(Oedﬁ) . t.he‘.b"'lj;ighest" (string).
o . i y L : .
Parhypate - wa {’U WaTv ; 'next to the highest. "

7 - B
Lichanocs - }\LXO;\/OS .+ ; 'forefinger,'" i, e, plucked with the
forefinger. '

: 4
Of these, the latter three belong both to the hypaton - fmaTev

the highest, and again to the meson - /_,{_ég’@)\/ » the middle .
tetrachord., - e '

Mese‘- /AQ_G\‘T (Xoeag;ﬂ, "middle!" (string).
’ /

Paramese - Woxeo\/./t E,CT«/\ ; next to the '"'middle. "

Trite - o iﬂ\ ; the "third, "

. Y ’
Paranete - 1‘(&(70» VV\TV\ - ; 'mext to the lowest. "
Nete - Vrl"(v\ (Vs_c’x‘\'v‘\) ; the '"lowest, "

.. - !
Of these, the latter three belong both to the diezeug’menon-crxesiuY}Aevwv "
"disjunct' (or in alternate system the synemmenon - ou W s;vw Vo
""conjunct') tetrachord and to the hyperbolaeon - Jwee Bo {;L‘*)V f

the "additional, " lowest tetrachord. (See the Harmonics of Aristoxenus,

ed. H.S. Macran, Oxford 1902, III 58, and Introduction, p. 10 f.
for the difficult and somewhat useless subject.) , aih,

As the name of the lichanos shows, the tones are named according to
their position on the stringed instrument and not_according to pitch.
The nete, for instance, although the highest in pitch, is the lowest

in pOSition. This makes good sense if we remember that pitch varies
inversely with string length, so that the string lowest with respect to
the number of its length is highest in pitch, —
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Genera - yewvn (of scales) : There are three kinds of scales;
diatonic, chromatic and enharmonic (Aristoxenus, Harmonics I, 17 and
22 f,) For the tones named above have positions only relativel.y fixed,
so that the intervals between them may be shifted. Here is the
comparative distribution over two tetrachords or an octave, omitting
the chromatic scale, which does not appear in the Canon:

( : Enharmonic — i : N
: e il e gy R

ditone 7, tone - tone diatone ditone 1 a tone . :: i tone
G e ?—A——\ —— — A — . e A

nete paranete trite paramese  mese lichanos parahypa.te hypate
— e —— e S el S S——— e T |

diatone diatone diatone semitone diatone diatone semitone

. : Diatonic’ J

The enharmonic scale is, therefore, constituted predominantly of
multiples of quarter tones and ditones = J(Tovo., double tones, while
the diatonic scale is predominantly constituted of the diatone - '

i. e. the interval 9:8, also called the Janm VA CL To\los, "tone 1nterva1"
(distinct from —ro\,os meaning pitch or key)

F. Synopses and Notes to Propositions

(ab ¢ ab2 designates an interval, e.g. B-C, where a,b,c are least

numbers: and non-multiples of each other, I have dlstmgulshed

intervals from ratios by puttmg a hyphen rather than a colon, i.e. B- C,

instead of B o 8 U ' , : ’

I, The last term in the contmuous proportmn begmmng wzth a.ab is
a2b. Therefore a measures it; 3

II. If the duplicate of an interval is a : a b " the'ox"igin"al interval
was the multiple interval a : ab. L (PG ~

Boethius, IV, ii, gives a variant of this p,rppqsitién interesting for the
discussion of ratio presented in G, (references toEuclid added): "

"If a multiple interval is duplicately multiplied (multiplicetur), the
interval which results from that multiplication will be multiple, Let
there be a multiple interval B-C and B yi B mu1t1p1e of what Cis, and
let C B: :B:D (Euclid VI, 11; IX, 19). Since then B is a mu1t1p1e ofi

"~ what C is, the térm C measures what B is, be it tw1ce, or thnce, ‘or
more (Euclid V, Def. 2). But C:B: :B:D. Therefore the term B
measures what D is (Euclid VII, Def. 20); and for this reason also the
term C measures what D is (Euclid IX,11); therefore D is a multiple of
what C° is, and the interval D-C has resulted from, the interval B-C being
._d_oubly comPounded and coupled with itself and mu1t1p116<;'dup11cate1y

ex composito bis copulatoque sibimet et per binarium
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multipli;catd‘:B-C intervallo). And the same can be proved in numbers;
For let B, the double, be to C as the binary is to the unit, so that
C:BriBeD etey e M

Tannery, op. cit., p. 215, calls Prop. II a paralogism since it uses
the unproved converse of what is implied in the preamble and used in
Prop. I, namely that if an antecedent measures the first consequent it
also measures all the others. Euclid VIII, 7 would justify the converse.

2

III, The root ratio of the superparticular ab : a“ b is the non-multiple

interval a:b.

IV. Let a:b be an interval of primes, then so must its duplicate a:c
be. Otherwise a = ab by II, which it does not, and also the mean falls
within a:c which is impossible by III.’

V. If the duplicate of a:b is a:c, b is a non-multiple of a, or the
duplicate would be al b.

1 4

VL. . 2 —2 Ccp. 3.
V. 2 cp. §A= X7

¥ g
VIII. This is de-compounding or fompgundi?x’lg v?zith the inverse equivalent
to division in numbers, 5 decp. §odosp - 3 -

9 :
IX. (?)6 =531 441 5 2, i.e. - is to be 6 times compounded with itself.
262 144 8

X. Since the octave is from the highest (hypate) to the middle (mese)
and again from the middle to the lowest (nete), compound these to get
the double-diapason, consonant with the diapason. By the preamble it
will therefore be multiple. Then by III it cannot be superparticular,
and by II the compounding ratios are multiple.

XI. A-B and B-C are diatessaron intervals in the conjunct system.
Their compound sounds dissonant, and is therefore non-multiple, so
that A-B is non-multiple. But it is a consonance, hence superparticular.

XII. The_diapafon is double; for by X it is multiple, i.e. at least g,
and by VI, 2 =5 cp. 3 -which are the greatest superparticulars.

If therefore the diapason does not consist of these it consists of more,.
But it consists of only two intervals, the diapente and the diatessaron.
A porism adds that therefore the diapente = 5 and the diatessaron = 3
XIII. The singlf t%ne in&erval is the diapente less the diatessaron.

By VIII this is =< = = <, This proposition brings out the simple
mathematical r&lation of the Canon to intervals: subtraction or addition
of sections of the canon is equivalent to division or multiplication of
intervals, ’



-18-

X1V, diapason = 2, tone = c-), so that 2« (?)6 + In this and the
following propositions partictlar tones whith might contain the intervals
under discussion are given by way of illustration., It should be

kept in mind that the "tone interval' is one definite interval, i.e. 9:8,
while the "tones'! whose names are used are various pitches which
contain the intervals.,

XV. In the toné,aequence B-C-D-E,
: . =
B-E = diapason = 246 tones = (-8-)

lesé C-D = diatone =-=1 tohe

(v} RXe]

equals 2 B-C K 5 tones
-1
so that B-C = diatessaron«< 2 %, and B«~D-= diapente < 3 5

XVI. Since no mean can fall between 9 and 8 withcut dividing the unit,

H cannot be decompounded,

XVII. ' diatessaron

N
»

y diapente

~

. tone tone
F - —

4

diatessaron

N

diapente K
so that F-B is

a ditone, which is the interval between nete and paranete in the upper
tetrachord, and between mese and lichanos in the lower tetrachord of
the enharmonic scale (cf. Scale). Tannery, op. cit., p. 214, observes
that while Props. XVII and XVIII assume the enharmonic, Props., XIX
and XX assume the diatonic scale. Since the enharmonic was the
primary early scale (Aristoxenus, Harmonics I, 1), Tannery infers
that XIX and XX belong to a later version of a pre~Euclidian Canon;
their presuppositions coincide with those of the Timaeus, but are not,
Tannery thinks, taken directly from the dialogue, but rather borrowed
from Eratosthenes (third century B,C.).

"Obtaining through consonance'’; a technical phrase (Aristoxenus,
Harmonics II, 54 ff.) for the method of constructing the scale by
succesively compounding the perfectly consonant intervals: diapason
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(2-1), diapente (4-3), diatessaron (3-2), either upward or downward,

but keeping within the interval of the double octave (i.e. 2:1°cp. 2:1 = 4:1),
In this way the comparative string lengths even of dissonant (i.e.
superpartient) intervals such as the diatone are found mathematically
(precisely as is done in this propos1t10n), and so the pitches of all

the fifteen tones of the 'complete (T A €tLa ) system, This method
is presented in Ch, VI of the Freshman Phys1cs Manual The words

Ao @é\vw and AQ¢\g are used in Euclid (V, Def., 12 f.) for

"taking" or constructing new from given ratios,

XVIIL. B e p 2 g

diapente .

v

, . diatessaron
~

B-C is a diatessaron, and thus D-E = B-F, tones, And D-B = E-F, a
diatessaron and thus a superparticular (XI) within which no mean can
fall lichanos to hypate. Therefore the parhypate between these cannot
form a sub- duphca.te or half interval.

Now Aristoxenus, Harmonics I, 24'deﬁnes: "Let what consists of
two intervals, which when compounded will comprehend an interval
less than the remaining fourth[of the whole tetrachord], be called
pycnum (i.e. the '"dense'', or uncuttable part of the canon)'. Now
for the upper enharmonic tetrachord (cf. Scale):

. 3 ’
mege Jditone lichanos D0 parhypate ™ tone. hypate
2 g
g’ > 2.3 . cp.. "§~9

g 8' ‘ ot 8

- so tha.t lichanos = hypate is a- pycnum, w1th1n Wthh the parhypate is not
- .a mean. : ;
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XIX, Cfi, Also iagrams, E. Scale,

. A
FI-OS\(A‘M
\’\\l€ \\\”—h.L + e . ) o i
;‘30\ vavﬂx W & 5 ,
C»‘\a\\’; h C.d‘!— ,13_C
I
hyp wesoyy 4 : ]
?o‘"\”']( 1“ w '
l\'c\’\ ! " \
Mese D S A ’ o ‘>)
+h’cg\(>c\rame K 1.
7m«.m \(\t'.)fc SYV\ F- b = by \ b ok _._}: bl . &’%——Q:—;K(,. VLA =>
*’”*‘)‘mhdw"(" <—"'—M~~5:( -l - —-5Gt—ila\~> N R
> oW " _SZ 71
E(A& 4‘,\,'\(,3“ V\W'EA/_-.. —4” n > __\E JVAS
il
ol i |
I, diatessaron: proslambanomenos - lichanos hypaton
II, diapason: proslambanomenos = mese hypaton
III. double diapason: proslambanomenos ~ nete hyperbolaeon
IV. diapason: lichanos - nete synemmenon
V. diapente: mese - nete diezeugmenon
VI, diapason: nete diezeugmenon - hypate meson
VII. diapente: hypate meson - paramese
VIII., diapason: paramese - hypate hypaton

The intervals are taken upward in pitch if the first string is longer
than the second, so that their ratio > 1; otherwise downward.

Hypaton diatonos = lichanos, cf. under XX,

The ''stable'" sounds: 'Euchd_& » Introduction to Harmonics, 4, 1. 2 : 18
defines: "...stable ( corOTeg ) are those sounds which do not”

change with the dlfferences in genera, but remain at one pitch ( T aO‘ - )e
Movable { wtiv ou/u £v oL ), on the other hand, are those which are
affected in the opposite way“. He then gives a list corresponding to -
Props. XIX and XX.
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"Of the invariable scale': ibid, 11, 1. 1f. "The invariable (OV/\AiTo\(l‘O)\ov)
scale differs from the variable scale, as simple scales from those which
are non-snnple. Now those which are fitted together about ( v\ p pou -
/ugva 7(05 ) one mese are simple, those about two double, those

about three triple; those about more, multiple. But the mese is that
wh1ch enables a sound to carry out its function in the scale ( Fore ——
d;‘ 9d S YYou Sov o« g ) cf, Aristoxenus, Harmonics, ed, Macran,

Pe 241 The technical meaning of '"invariable' and ''variable' are
non-modulating and modulating, Those scales are modulating which

are tuned to more than one mese, i.e. tonic. The tonic, as its

name indicates, is the very center of a scale, with reference to-

which all its tones are heard, When there are several such centers, so
that the reference can be shifted, the scale is said to be non-simple,

XX. Cf. Also Diagrams, E. Scale

L 1 ; ™
\Uu« v\ny-e_\nﬂ;_ﬁ._ &
Lichan. (I O r
; & G
\3_c«r\‘\ w, Wes, O 1L e YUy
Auatow. Y’.{; == = < L3 ;F-)
<. s 1A\ L[0] % e
n‘A‘g”a\wi ¥ i 1\_;; 3 3 i
,Tr\*c \(\1\<_f‘N N N . X
Aleon, M |
oM %G
etz i E_{_S:ﬁ-\@' . > m
o o e . T 3
:
i [ AR © a4 L L iE |

B
I. -tone: - . nete hypaton - diatonos hypaton
II. tone: - .. . diatonos hypaton. = = trite hypaton
. III, diatessaron: trite hypaton - trite diezeugmenon
IV, diapente: - - trite diezeugmenon _ . - parhypate meson
V. diatessaron: parhypate meson - parhypate hypaton

VI. diatessaron: lichanos hypaton - diatonos meson
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Again, since all the sf‘ring ratios (except the last) < 1, the
intervals (except the last) are downward in pitch,

Diatonos meson = lichanos; diatonos hyper, = paranete for the
diatonic scale, see [Euclid], Introduction to Harmonics, 4, ls. 1,
4, 14, 5

For the "shifting' tones see "movable' tones, under XIX,
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G. Interval and Ratié

[The texts on which the remarks which follow are basedare quoted and/or

translated in Notes to F. and g_:]

. . 1
Intervals may be thought of as sensible ratios. ) What this means and how
it bears onjme’).t:he_m:atiqsi_ and the world == and their mutual relation ~- will

be the matter of this section,

Let me begin with some ‘observations ‘about intervals and ratios as they

occur in the Cutting g;f’ the Canon,

In the preamble_to the (2_;3;1_1_0_11 ‘;tfis said thja‘t» 1 since sounds are adjusted by
addition and subtra;tion tbgy are% ‘t‘:on‘s‘t:it'u:tgdéf ’P‘arts { ;;u.) /./LO {D \’, WV )
2. all things con,stitufcefi of parts lha‘we to eagh other thé ratio‘:of a nufn’ber to a
number. Now in the 1ig}_1t“pbf ‘the Ea}doxivaxllz) gene ral £heory of préi)offion as
set out in E}voro,k v ,ol_f _E‘u,c_lid‘-s: Elen}e‘_r‘xt’s tbes‘e's:';ater/r}er.xts Aare not ‘con';plet.ely
acceptable, for 1, whiﬁ]{.e 1t belon_gs t?_fh‘? very gature of magnitudes thch

have a ratio to one an‘otherAt.Q _b_e adjustable by a‘t‘idi‘t}i‘on and %ubtraééoﬁ of -

their own parts (:BO_O.k, v, Def 4), ,it isv‘_atilso t‘nlevv;ejx-';cé-r;tral matter of Book V that
they need not be cons,tituf;gd Qi g__%gg_p_t_l_lgals pa/l.'tst -A-,‘ bu£ fhis vis‘presuma‘bly what
the preamble intends them to be3); 2. on thg othe:’r.ha‘nd,v oniy ;:omménsurable

magnitudes do bear to each other the ratio of a number to a number (X, 5)

The writer of the Canon either 'i‘grioi‘e'd or was ignorant of all this. The Canon

is thus written in the context of the .v‘vo"r'ld beéfore the "scandal'' of that offense

to human speech, namely the "unspeakableness"of certain parts of the world in
. . 4) .

terms of others-- the fact of incommensurability -- broke into the open; this

means, broadly speaking, that the mathematics of the Canon is free to, and does,

pre-suppose a certain direct and immediate view of the world, namely the belief
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that the world itself i_g learnable ( /\LQSV\‘FSV ), that it can be
itself, literally, even bodily, caught in an account, and that this

account is mathematics.

Now it seems to me that there are several places in mathematics
where the more clearly things and what is done to them are defined

and elaborated mathematically, the more obscure become the things and

what is done to them as objects in the world. Perhaps this is true for
‘all mathematics and happens at the very beginning of the science,

but ‘I mean ncﬁhiﬁg g0 Eadical here; Rather.,” hék)ing assented to

and in some way und‘e-,‘rstoodv thé beginningé, I find that there afe
certain places whére néw d:epartures‘ are suadenly .taken which

are not quite explicablé i‘nﬁterms of v,v‘hat precédéd. i:am th1nk1ng |

in particular of 1. the formation of proportions of ratios between

differént kinds of m.égnitudeé; 2. the operaﬁon of corr;povunding r-a‘tios..
It éeems to me that 1;hé notioxis wﬁiéh lie in and behind the g_a_l;é__n

imake thesé two matters more undefstandable than fhose wluch afe -
folx‘z;nd in the E-lements". Clearly, the investigation-.éf th.isv wiil' in the

ena alsb be. ué efﬁl for thmkmg aBoﬁt the rélation of "technic;.l"
matheﬁ:atics to the world, (BS( "worid“ I mean ;vhatll live in and by .

just what is usually meant,)

It is necessary to set out what the writer of the Canon, had he

’
thought about it, must have meant by ratio ( A0 ek = logos).
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The first use of )\é\/u 3 the verb from which logos comes, which is

cited in the Greek 1ex1con(L1ddeIland Scott) is Ihad, XXIII, 2396)

"then let us gather ( At Y w/u eV ) the bones of Patroclus the son
of Menoetxus"---from the ashes of the pyre, Ach111es means.‘r In
Greeh (and in Enghsh too), "plckmg out and gathermg up'' thus
have the same name as speakmg and reasoning, for thls is what
commonly means.. For sortmg out hke thmgs and collecting them
are human deeds within the world whlch are very naturally, and
perhaps, ofAnecessr1ty., accombamed by counting up:,. namtng

"the number of“, telhng "the tale" g1wng an account "; and these
latter phrases show how th1s kind of speech is taken as fundamental'
to any speakmg,- be. it .explam"mg,’ or‘exc.usmg byAgn_nng.neasons. |
7y

or even story-telhng. Th1s connectwn, in deed and in word.

between the number of th1ngs ( C\f /ULOS -anthmos) and speech
( )\0\{ S | ) 11es behmd (though perhaps not 1n) the "purely

mathematical notion of ratio.

Now what it is in the being 'of things that the language takes note of

in these coincidences of name,.has several === not.very many=-=-

intelligible fo rmulations, I shall briefly describe that --naive. 8), -

one which seems to me to underlie the Canon, -

To someone who wonders what he 1s domg when he counts thmgs s the

thought m1ght f1rst come that he is do1ng noth1ng but repeatlng in and

9)

accnmpanylng w1th h1s houghts the do1ngs of h1s hands. But if he
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asks }!xim'self Why his\'han'ds shoﬁld.'bé' éb'le to grasp distinct
thi;ngsl and ”gat'he'r‘ them into 'éoﬂéctiéné, he might come to think
that thié fnﬁst be be‘caﬁs'e‘: these things had been distinguished and
collected for him: b;eféréharid;, and th'a‘t'.his }.iandAs Q;é'z'"e', in fact,
repeating tﬁe déingé of £hoﬁghfs. He m1ght corléiﬁde tl.ia:it%‘things in
the world could r;ot be ‘J.:'e>ally ciifferent'fr;)m thoughts, and that he
could acCOurﬁ:-féf h1s ébilit?j to"handle' and learn about the world
best by supposing that whate\}er h'.e grasped, be it by hand or in
thought, muét be é'thoﬁg‘ht thing:.(A.\/Ow\ T<I>\/ )% But ‘since he begari
by trying to .unf..iers.ta.,‘nd'his ability fo éoﬁﬁt; hé .would suppose these
thoughts -=- é,nci thefefbre tl'xi‘nkablie:-“-- thihgs‘to be like that which
is both made by z.ind. ﬁséa e counting, naineiY a L 3)\ ol === numbers.
Then; having noticed that ‘sto':ry-tve‘liers lovevlo‘ng counts and seem to
cons>ider these essential to their tale (as for instance Homer in Athe

Catalogue of Ships, (Iliadg 484 f.A) and that kings require them

(Republic 522 d) -~~~ having noticed also ‘tleoise‘ coincidences of wbrds
for counting and speaking, and seging many, other such pointers, he
might ask himself to what they point. Then it might come to him

that the very words which have caught his attention ( /\é\/ O+ ), are
a distinguishing and ngasping hand to his thoughts, and that his
thoughtful, reasoned account ( )\C:\{ OS ) is the gathering and
col-lecting embi‘ace; And finélly it might come to him that only in
being spdken Ey h1m and heafa T;y.anofhérv do his lbgoi seem to become

truly themséIVes. And éo he wouid have the rudiméhts of an account
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“of what there is, an account which closeiy connects word, number,
lla..cl‘;count and speech, ===The order of thinking, the words, and the

;vlteilnovr Qf feeling in this sketchy description are debatable, but some

such cluster of insights must be kept in mind for what follows.

To return to logos in tnathematics: When two people_ feel friendship
toward one another, it will not be too much to say that two con-
glbmerafions of ini:ra'étabiy Li_r_xll_ilig parts "afre jc;inea in a relétion which
has inex'hausti‘t;ly many respects --- but when two nu1;nbei5 have a
ratio to one another, two magnitudes‘of l_:_L_l_c_e__lEi_n_d_ ( 6/M oy eV /\;\ )
are in a sort of relation in respect to size ( KaTa w »\)\\ V\CI‘TV\‘TO\ mou a

. : _ TXEC LG,
Euclid, V, Def, 3). A relation between numbers is therefore very
different from a human re’lation}, or so it Wouid seem. For friendship,
or what is bétween friends, is distinguishable from the friends
themselves, and those who é,re friends are not, usuélly, "by themselves"

10)

what they are v'toward their friends''. But v;zhat is betwéen ﬁumbers,
that is, their ratio, is-.neither more nor less than sbrﬁe so;‘t of

'"hold" or bearing (o*;éelcuj s from " EX“ s _tg_hold":- the German '
words: Halfung '"bearing" «=- Verhalfnis”s "'ratio" are just right) which
holds them in a certain order of pré-éedénée and which "relates"
them in the double sense of "collecting'’ and "telling"li them. The

ratio relation of 2 to 1 is exhaustively stated when I put down 2:1.

The ;er_l;ns h_eld tqgether in this way are the logos =-= there is

nothing 1n the logos but they themselves. 1), The logos is simply

the '"address' that numbers have toward each other: ' number
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makes all things have address toward each other (‘TTeOO‘(%\/O(’CL S\)\}\#\)\ 9(5)"’
Philolaos (Diels I, p. 411, 19). One of the terms is, to go even
further, a partor parts 2{_ the other, so perfectly does their relation
absorb them. Furrthermore, although, as is usually conceded, not all
people can be friends with one anotllér; evebry ﬁun&ber can be in ratio
with every othezL number, and oxﬁy the non-numbefs noihing and
the inﬁnite (neither of which ‘a_r_g: anything) ai‘é. excludéd from this
univefsal boﬁd.lz) _The kinci of -vacc‘ount, thérefore, which is a )\é‘/cﬁ
?iv &G\S/wog » va logos 1n numbe:l'é, is péculiarly complete in
itself and thoroughgoing in appiication‘ Tﬁis suggests from the side
of mathematics that it ‘r:‘qi‘ght be‘ des‘irabllé fo atfempt an account of
things in numbers, that thilngs are best tolci in this' way. Thé preamble
of the Canon was written by gomeone who isv very much aware of the
"telling"' néture of the nurneri.‘cal iogos --; four times he uses the
somewﬁat redundant phrase ;_v Xé\/cf /\é‘f s.clrg ov-" said te be in
ratice.. " Furthermo_re those ratios are most important for h1m
which can be said with_d_n?_a name ( CE\/L z)vci/;uc\*\t )s ﬁvhich, as it

happens, is the name of the antecedent number of the ratio (see

Section D, Superparticular).

The Canon, then, states that sounds are to each other as these ratios
of numbers. As it turns out, it is not only the reason given for this
assumption which is faulty, but the assurnption itself is not quite correct,

Wonderfully enough it is the human speaking voice ( /\O‘f L\(\;\ 5%&3\/ % )
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itself which, being continuous in pitch rather than discreet, would, if
. : ; £ ‘ 13)
expressed in string-lengths, yield someé incommensurable lengths -
and so the human logos is, as it were, the very embodiment of the re-
futation of the power of the numerical logos. But this does not touch
the immediately important assumption of the Canon, which is more

special but also more remarkable, namely that sounds which go well with

one another, so-called consonant sounds, have to each other the ratios

made of the smallest numbers, and that all the other "musical" sounds,

consonant or disconsonant, are in number ratios.

What happeng between sounds is called "interval' ( JL a O'TV\//L a)
and is, in definitions, distinguished from the ratio relation (see Interval,

Section D). An interval is, in fact, that which is contained inbetween the

A / ’
terms of the logos (Prop. XII: . TO L ¢ WEREN 0 v T @3 OYYOUS .
“the containing sounds'), It is a distance across which one term faces
another, gives the other its effectiveness and, quite literally, "effects''

L9 It is something through

the other by arousing it as overtone.
which = obe might even translate 'because of which'~consonances are
heard;be it the diapason ( cﬁa Trcudc:\av y  '"through all", the octave)
or a smaller interval. The interval is something, something primarily
heard, also seen, and lastly thought., The distinction between the
relations of numbers and those of sounds is made by the ancients in a

15
variety of ways. The Pythagoreans do not make it. )

What intervals are, in fact, consonant, and what their ratios are is
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again an assumption of the;Canon, The consonances are: diapason
(octave, 2-1), diapente (fifth, 3-2), diatessaron (fourth 4-3),
- It is the business of the Canon to.show that these consonant intervals can b«
- 'put together" or compounded ( cuwv T""i, 8 Y ) in such a way
as to "take" ( )\‘-Vq/k(sé\v £uV ) all the "aisthetically" possible
are

sub-intervals within the diapason. -When all the interstices thatA there have

P 7
been filled by this "joining" (.- C,Le /J.O%Q\V ) process, the result

C i
is a close-fitted ( v“e},\ 0'0)»\ €VOV « Introduction to -Harmonics, 1, 2)
whole, a system ( .C k’)O'TV\M.Q~), as the Greeks called the scale.
/

What interstices are there depends, again, on the ear,

- But what is this compounding by which the scale is joined, and what is it
~ that is compounded? It is notable that no attempt is made in the Canon to
explain this. It is simply done. An appeal to the Elements on this matter
would not, ‘in any case have done any good, suppcsing it had been possible
time-wise. - Euclid gives neither a definition of what the operation is, nor
particular instructions for how to de it. To be sure, particular compound
ratios, namely those compounded of the :same ratios, are named in Book V
Def, 9-11; e.g. if A:B::B:C, then A:C is called the duplicate of A:B, while
Prop. 20 shows thaht_'thcj"d_gp.licates of same ratios.are again in proportion.
Also, Book VI, 23 shows that there g,_g_e_'things which have to each other
ratios . compounded of other ratios, namely equiangular parallelograms;
these have to each other ratios compounded of the ratios of their sides,

so that compounding is shown to be a lever from dimension to dimension,

a source of growth, By implication this might be said to show one how
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to compound -=-- but beyond these mere. facts not much is made
explic-i.:t; Whgt in _the world can it mean to, ''put together'" ratios, to
c§ﬁpound, to "'double' or "t.riple” a‘m'athem-.a,tic_al-relation? What is
;'relating rgiations"? (Among non-mathematical objects this is not
é.lv?ays so dark .a;d_ping. ) Fé:'jnstance. for human beings '"taking the
‘duplica.te" is ‘a pérf%ctly vivid oc—:cj:urren‘ce. The relation ' father: son'
is ciuplicat-ed as the_son _b>e_comes _.a,father; the resulting duplicate
relation is ;;grapdfather : grandson''.)

The operation of compounding is indeed the subject of a definition (Euclid

- 3 . < )
.- VI, Def. 5), which is, however, with good reason thought to be spurious. 2

Clearly it was added only because a lack was felt. It runs: "A ratio
is said to bg cgmpgqnded * _o—\J\/ VA 21 0‘8 o ) of ratios when the
,sizeé of ti;e ratio muitiplied together ( Trq);\&v;({t v'lT,g-Sp Fid(e’ E’_amﬂ\:xj
ToAl ot Aaagacdeloal)

SHasv ) - rrﬂxa.ke._some ratio'. But there is and:'can be
-;u“)thin‘g' m .Book V to permit multiplication of ratios,-for-theyare not - ..
ﬁﬁm]:;ers gpd cannot_be subject to number operations.  The definition
is a kind of ‘cogncil of despai;'. '

In view of this, what is done in the C'é.no-xil? 'i[;ﬁe ‘Can;m- compounds
intervals, not ratios. The trick is striking, for the ‘preéﬁbi; speaks
8)

only of sounds in number ratios and the propositions deal only

with intervals,

/
The word used for compounding, ofuv‘\‘\_s £V QL '"to put together',

is the same as that used for the addition of parts; that for.decompounding,
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b \ ’ .
or compounding with the inverse, is & Cg Q/ﬁﬁit\/ » ''to subtract'';
and generally the language of compounding is the same as that of
“adding and subtracting. 19) For ratios this is puzzling, but for intervals

it makes good sense, Intervals are simultaneously added and compounded

The diapente (fifth, 4-3) subtracted from the diatessaron (fourth, 3-2),
the last bounding tone of the former being the first bounding tone of
the latter, gives the tone interval (9-8) in its mere position on the
scale, But if I wish to make the interval effective as a consonance or
. 20) s o : ’ :
dissonance |, to "fit'" it securely into the system, i.e., to find the
string-lengths which will produce it, I must compound the intervals.,

How ?

I can compound these intervals by successively altering the partitioning
of the containing string-lengths. I begin with a string divided into 4
parts and another of 3, .and between these the diapente sounds. I take

the latter, regarding it now as a string of 2 parts --~- so that each of the
new parts will be greater by .a half than each of the old. Then I 'take"
the third string of 3 parts --- which are found to be greater by a half
than the two of the middle string., String I and III sound the tone interwal,

a dissonance. In numbers:

e
4. 3 — ’é 4 -
2 2
or 8 6 9

To avoid comparative numbers (see Section D, Superparticular) .

like the hemiolicdof String II, I.can, by Euclid VII, 34, find the least
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common multiple of 3 and 2, and write the proportion with simple

numbers.,

When these successive changes in the bounding ratios have been made,
the intervals will:have been compounded. In the Canon itself, not

three strings but a monochord with a movable bridge is used:

In Prop. ;XIX we are finally told how to ''engrave' ( \Aa‘raY f)o‘w\{)ou.»
the canon on the length »( /M»/‘/\\ KOG ) of board underlying a string

( x © e 5‘/‘\ ). Compounding on a monochord retains more clearly
the nature of the operation, namely the successive re-partitioning of the
bounding term ( 5,668 )21) === which turns out to be ultimately

precisely the ability of a number to participate first in one ratio and

then in another,

The things comi)oundéd and the way in which they are compounded are,
therefore, 1n summary: 1, heard consonances or dissonances --=-
compounded by the operation of addition; 2. lengths of strings ===
compounded by the operation of successive repartitioning; 3. ratios

of numbers --~- compounded by some undefined mathematical operatior.

But this mathematical operation seems to be unavoidably under the
direction of the ear, as the language of Prop. XIX confirms, where
the canon, or 'ruler' is '"ruled" off according to the deliverance of the

ear: '"I cut C-B twice . . . so that C-E will be consonant with E-B'"';

or:"therefore all the sounds in the canon will have been taken''. It is

hard to see how it can be otherwise.
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While there are certainly objects within (Euclidian and
Eudoxian) mathematics which have to each other a ratio
""cibénpéun&ed of others, ésp:ecié.Hy those objects which have |
gran 603: of ot}.{e.rs‘o.f a lesser dimension, this is not the way in
which they are 'pvrirvnAé‘ril)‘r thought & e A genesis
and with it the comlng to be of c;or'npox-md‘ ratios remains something
not quite exllolic‘:rablé'x';vitiain ihe mathematical context. \ithin the
worid; on the other ;}'anb.‘nd,v"c:ertain' itemé which are especially
appéaliﬁg to the'sehS'es, such as musical ir;ter'vals, are found to be |
compounded, i.e., to be the r‘esltilts ofﬁcompouhding ratios; indeed in
the next Section the ;horid'itsélf will appear as such a compound --%
an incarnate compound. And here, within the world, compounding -
is a sensible operation in ,.Whi-d.l. the eye can see the process and the
ear hear the result, a new i‘,x‘lt_e,.rv_al.: In faf::t, in the musical

context this operation is called "cutting the canon" (chov'tfsw_).zz)

Here we retﬁfn to tl:ie"vi'e:ws' wh1chthe writer, albeif without being
aware of it, incorporated in the gél_lgl_l_. He succeeds in making
fairly understandablé"anAopell.'ati.c;h db"sin"'é in the "pure' mathematics
of the Elehents, Hé can S5 this botaib st Ibas 13l distinguish
between sounds bounding gttt R BE g A e L ratio,
taking tﬂe thing heard and the tf11ng counted a€ one. Neither does he

distinguish those relations betwéén things which are more or other

than those very things (like consonance between sounds) from those




‘1340
relations which are nothing but the confrontation of these things
(like ratios of numbers), théi‘eby showing that all things are to
him as numbers (or the 'reve.rbs‘e: it is indifferent). In short, he |

writes like a Pythagorean.

To go on with the matter of proportions of different magnitudes:
The temptation, when compounding, to write simply :

2 . §= 8 that is, to multiply, is

3739’
great, although with respect to ratios it is a meaningless thing
to do. The Greeks did succumb to it, as the spurious Def. 5 of
Book VI shows. It is encouraged by several facts: 1. compound
c)’- /
ratios have the names of multiples (e.g. (TTA oot 05 ¢ duplicate or
double); 2. the multipie names suggest exponents, i.e., the duplicate =

&
b

; 3. compounding has the same effect of ré.ising the dimension
as multiplying numbers has (Euclid, Book V, 23 and VII, 16); 4. most
important, the very name of certain ratios ié the same as that of their
1 ' ! els

antecedent numbers, ije., v M o )\ v Oj means the '"com-
parative' number 2 and the ratio 3:2, Why not, then, take the

&
logos as an arithmos and use it éccordingly? This is, in fact, what
happens in Boethius's renditi n of Prop. II of the C_aé_o_é_ (see Section F,
Notes on Prop. II). He cannot settle in his lan'guage whether he méans to

multiply or to compound. ‘But he ciearly, more clearly than the

Canon, distinguishes between comparing intervals and number ratios.
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In this latter distinction, not yet necessary in the Canon, is
indicated the reason why logoi are not simply converted into arith-

moi, why a millenium later Galileo still retains ratios, and

devotes the latter pages of the sixth day of his Two New Sciences

to finding a replacement for Euclid VI, Def. 5, which in his

el | 23)
admiration for Euclid, he cannot believe is genuine. The

reason is the wonderful fact --- and here this word "fact'" is

perhaps, for once, used rightly --- that the world is "in proportion'' --

not in the narrower mathematical sense of having parts which are

24)

magnitudes in "equal" ‘ratios, but in the stranger sense that is
proves feasible to say that motions, sounds, 'strings and numbers

\ T ol 4
have all the samé ratio throughout) are — ava-—)\Ox{ov "

though as objects they seem in no way the same.

Or perhaps it would be better to say that same ratio, i.e.,

proportion,is the bond between mathematics and the word --- e.g.,

the bounding tones of intervals have the same ratio as certain
numbers , while the bond that ties the world in with itself is
compound ratio =--=- e.g., the tones of the scale or "system"

are taken by compounding consonances. (This striking observation

about the world --- that its parts, usually against all expectation,
are not in simple proprotional relation, seems to be the beginning

of all "science': the first of the Two New Sciences begins with a

refutation of the traditional and obvious assumption -~ a refulation

which comes on Sagredo as a "lightening-flash" {Dover, p. 3} ---
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that the sizes of bodies are in simple proportion with their
strengthé;‘ fﬁe ;se;:ond s_c;i_enc‘:_e,‘ again, begins by establishing
the fu.n'dambevant'a'.l compound relation which describes natural
downward moti;:‘)n,. -na‘r_ne'ly_{ that in _”free fall" distance is
coverechi‘.'in‘tvhve duioligatg ratio gf the time taken,: or, expressed

in the notation of a modern .counterpart of ancient compouhding 5

. : 2 i
joint variation: s o< t _[Dove.r,‘p,..174_j.)' :

Now even within the '"pure mafhématic;|1)f Eu;:lid's‘.Bvok. VI

there arises a certain diffiéulfy aboﬁt wﬂaf; é.aﬁ Ee. ip proprotion,
for while Def. 3 of Book V does not demand r-npr; than that the
magnitudes of any one ratio should bé of t-h:e :sa.,n'fxe kind, Prop 16
provides for the pos sibility‘of altefnating gﬂzi propo;'tiqn. What
then is to happen in Book VI, where 'ratio; ‘of.rr.miagni’.cudes not of
the same kind, such as lines and areas, .oc.:cur in ?roportion. If
such proportions are alternated non-honuogeriéus magnitudes like
lines and areas will appear in ratio, ‘and'ltl'vxi‘sA is sirﬁpl&i'impossible"
(Theon, p. 73, 18-19). ‘So that there is' a confiict be}tween what is
permitted and what is possible, Th1s ciifﬁéﬁlty, as well, is,
though a small inconsistency within the Elements, a great per-
plexity at the foundations of mathematical physics, for the .

fact of ""mixed' proportions is, as we have just seen, the very

condition which makes this science possible, though it itself

remains a total mystery. Here,too, the supposition of the

numerical being of the world would provide a way out.
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At this point', however, the limits of this doctrine make a
striking appeafa;hce; It an be shown, ‘and was, in fact,
shown by the very author of the doctrine, that there are
objects in the wc‘)'r'ld'w}iich', Ethough they are evidently in "some
sort of relation' to one another, yet, ‘scanda lously, have no

numerical logos --- for instance the side of .a. square and its

diagonal. 534 It is, of course, the matter of Def. 5, Book V of

the Elements to justify As‘uch irrational ratios --- Z;'Q\_o\{m ./\(;\IozLé),
by indirect_}y d_efiping a quapti_tative criterion by vyhich the
equality: (_vsamen.essAiAs no:'lon_ger a perfectly vmeaningfu'l .term
here) of sqch lqgoi,may be recognized. The point in referring
here tq this 'development is this: at that véry _.;noment at which

. the logos l.ooseis that di?ec;c_ meaning described above, rwhich is
based on the “supp;osit:ion of the numericai charact‘evr of t‘he‘ wo;‘ld,
it becpmes as indispensable as ij: becomes_ opaque === é. device; for
comparing quantitatively thg relations of non-hcvn.'noge'neousv things
and happenings 1n the world, W_here'the ralat;ioné and their ;cerrns
are left quite“dal.'k. Ip other word‘s: log.os”bvecomes' subservient

27)

to analogia.
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H. Music as Mathematics

et e
Music, the "Muses' art" (/L.L Oucrua'\) is not named in either of

the Euclidian Scripta Musica - the Canon or the Introduction to

28)

Harmonics. And quite rightly. For the Muses teach
: 29) . : -
"beautiful song" to the musician, and beautiful song is not the
A % N
business of the "canonician" ( Kaveoviwko§ ) who cuts the

30)

canon ( Ka\/olegit ), or === they are the same ~-== the
"harmonician'" ( ci C/A ow L KOS ). "Har;nqnigs"? the Int.roduction
says‘ a5 2)s ) ”is‘tl-le theoretical as well as pr;gtical science ( ~>ETt LCT\;\)AV\)
of the nature ( V-r;\\‘g » d\u T E @ ) of whét is joined together (vou ;\(v—
/,\ox)/AAir/,\)ou ).'31) A.s.a étudent of whét is well-ordered, well-fitted,
bound fasf, "t};e halzméniciaﬁ make§ a "ruler'" or canon ;rom which

. it 32
other instruments can be tuned. )

What is this ''theoretical and practical science of what is (to use the

Greek term) in harmony"?

Let us look at this study, which we will, after all, for certain reasons

to appear later, call "music", though it is primarily neither about
melody or song. When particular strings are plucked in succession

e : w 33
(or together), there is heard a ""wiry concord, that the ear confounds'',
The ear is confounded, that is surprised, arrested, amazed --~ delighted
Those wires which produce such confounding concords turn out to have

lengths which are to each other in the ratio of a small number to a

small number. Those concords which seem to have affected the Greeks
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most have the number ratios 4°~3 3'2 -42'1 Pythagoras, all agree,
discovered this, 34) The Pythagoreans consequently swore by the
"tetraktys“ ten (1.e. : the sum 1+2+3+4), whxch "sums up“ '
the numbers Wthh make harmonf, 35) thus puttmg theﬁ- t;'ust in 1
the inte111'g1ble concord of thAi‘s world rathér. tha#_ in the dark river_:' |
of "hatred" (¥4 g o i nhdA ety whidb was :th‘eﬂ great
oath of the rest of the Greeks. s idad
Pyth_agox_'a:s' gliscovngy'p;oclai‘ms music as the very paradigm of
s.\cienc'é“.A Foz_‘» the;e are many things in the world which.eventually
turn.out t_o‘be ,amenabl_eg t_p_. ‘;ati,o,, but which do not sufficiently -
covnfognd us in _afi‘r_nivljaltliqn.‘ _For instance,: both how én’d why the
na,tqral sub-,lq_na_ry mot_ipns tend toward the earth turns out to be
eminently caé;.gie of formulation in ratios, ==~ but itis a fact so -
often confounding in the worse sense and so little reminisgent of_t_hpse
heavently motions of which it tu;hs 6ﬁt to be; é speciai cas;é, .tha1-: i‘t‘_s
"mathematical' character long escaped atfé;itis'zx, iceepiné the
scieqce_of motion from soon coming about. But.music, 'beyond'béintg
ingep_arably both 'faisthetic'f and rational (cf. Note 15), is also
"?,es_thetic" agcqrding to our modern.usage of the -'word;v3~6) that is
t.c1> say, it draws attention_ to that in the world which seems to be made
for'th‘e predilgctiog Qf men, I_mea‘,n,» therefore, that it is a "paradigm'
éf science" not in the modern sense of ''descriptive' '""physical" -

""'science", of a technique for formulating rules of motion, but in the
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Greek sense of knowledge ( emiL o~ v/\/\z\ Y ) of the world, and
therefore about a world which can be known, i.e., about a thing
which i_s__ahd which is orderly, a cosmos. (The great question is,
of course, whethere there is, in truth, such a world and such a

knowledge.)

But the cosmological possibilities of music are not exhausted by the
fact that its gources are the aesthetic in a?’(f 8r\U *§ and »the
arithmetic in A\ O/\f OS . The predominantly rational part of
music (which however cannot quite escape from its sensible sources)

- is, to begin once again, called ﬁarmonics. This science, even

(or even especially) when treated quite technically, deals with

objects which have a strange likeness to the sources of bejng and the
elements of the world. These likenesses, partly buil_t into the science
by the Pythagoreans, but partly in the matter itself, had »best be

simply and soberly enumerated:;

First: That from which the scale is "put togéther“' or compounded is
e ~ e d WI8. .8 g
the interval ~=- ) LQ(TT"\ L&, literally "distance' or ''that which
/
results when something stands apart'. This word is a s'yh'ohym for
4
C,S.\L oo Ta O’LS » ''distance'’, meaning ""dimension' in our

37%)

vocabulary.

The greatest interval is the diapason --- (SLCA T acwWwV , the distance
"through all things''. This octave interval is the perfect consonance, |

that is to say, it is heard as being the consonance of the same with
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"the same, and yet it is not a consonance of identity, for the second
bounding tone -is not.&oincident with the’ antecedert but the distance
* of the whole away from it and completely other.

B, FEL

f‘urtherrnore,m -tl‘me. bdunding numbers:of tne diapa:son are 1l a:nd 2,
which immediately bring to mind the monad and dyad, namely fhose
which' afe always said to be the beginnings cfibeing;-g"s)' - The ratio
2i1, accordingly, differs from the arithmetical ratio of equals '

(1:1; 2:2,"etc.) whose part it plays in music, in being:able to effect

' ’a differénce, a growth, - Y 2 VT AR "growth' is the technical
word for dimension --= when compounded, as the ratio 1:1 cannot:
"ihd the ratio of equals will not grow-( a iJ/ 2 ¢TolL 1) when
¢ompounded" (Theon, p. 83, 24-25; p. 107, 15£f.). - Also, since

" intervals are distinguished from ratios by being reversible: (i.e., the
intervals 2-1 and 1-2 are the identical consonance, i;e.; there is no
proper antecedent or consequent, except insofdar as the interval is
"taken'' upward or downward, but the ratios double and half are different
Theon; p. 81, 11- 12 ) .' inter\;als snare tne non-seiquénti'ali nature of
spat}al dimensions. |

']
Second: A consonance, or-concord,-is called ¢ U/" c?w\/ LG in

Greek -=-- what is '"together in voice'. This word is, asin ‘English,
easily and naturally used to mean ”agreement", e. g. in Regublic 402 d
1- 2 '« & » 1ead1ng young people by means of a musmal upbr1ng1ng

' 1nto sameness ( o/uO L O TV\S )and fr1endsh1p ( d( )\ L =5 )
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and concord { O VML C‘Pco\/ LG )", Now the bearer of consonance,
sometimes called simply "the consonance", is the interval, a "distance",

which is, after all, ordinarily a source of difference: '. . . these two were

parted in strife" ( C),LO\,O‘T;LTVLV Eﬁﬂ:o”av TE - Ili_ad ) () T But musicﬂ
consonances effect agreement out of difference and bind what is separate,

so that '"consonance has the greatesi strength, being truth in speech,
happiness in life, and in nature, harmony" (Theon, reporting the

Pythagoreans, p. 47, 1-2). 39)

Third: The possibility of harmonics rests on the attunement of thg human
‘soul'to the arithmetical properties of the world, since what are to be the
consonances depends on what I find agreeable. Mg re than this, the very
notion of a musical sound, a ''voice' ( c? (P%] vvl\ , see Séctign D) ?.é

the ancients called it, includes the idea of its ,being_ an expressiop of soul:
""Voice is ensouled noise ( '\lf S Qos gl/w \Ie b 2F BT ) (Aristotle,
On the Soul, 429 b 5-6). This is, of course, where the Muses, as teache
of beautiful song, enter into the scienéé of hafrnbnicsv, and give it its - }

common name, music.

Fourth: Musical intervals, or perhaps ra_.th,er their bounding tones, are }
not only heard but also seen and touched, namely m the le.ngth of the strings
producing them --- for instance, geor_netrica_l}y, 1n the diagr-ams to
Props. XIX and XX of the Canon, or bodily, in strings; Theon (p. 71)

discusses these ''visible" and tangible intervals in connection with the

41)

physical cutting of the canofx.
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Fifth: Musical sounds are closely connected with motions and meetings

42) Thus musical sounds

" of bodies, as the preamblé to the Canon says.
: rép‘resent"the world insofar as it appears to be the common source of

" appeals to different senses, and insofar as these appeals seem to come

" through order.l)'r motions.

Sixth: The scale --- CuU Q’_TV\))»C\, » the ""'system' or the "construct',
is a closely fitted whole made by compounding consonant intervals. This
means that it is a. constructed by a technician with a tool, namely the

' harmonician with his canon-which is, infact, his tool (i.e., he has a

mus1cal instrument for his tool," “his O(>>/0u Vo'V "instrument'),: Porphyry
LT . , s 4 _ by
‘p; 22, 27 f.; cf. Notes 49, 61). b, the method of construction: is .compoundiz

(see Section G), and in particular by compounding consonances, for the

‘tones of the Scale are "taken" precisely "through consonance" ( JLO\\

or L)/'uv CQ LWV LQS - Prop XVII))as the Canon is ‘there to show.

Of the preceding items, what is humanly most serious, and ‘most lost

beyond recovery, is the perfect trust in the affinity of soul and number.

It is this affinity which allows the Pythagoreans to see the world not only

" as é;SCS:OV: , Mlive thmg" (see Note 5), but:as an : 6M+U)\O\/ a 'thing

43)

"ensouled", And it is ‘only ifit is ‘a S@EO\/ ‘ESM \{JUXDV that the city
il | = N g

“which is larger thafi a 'man" but, like a man - capable of excellence, can

44)

ever come to life, can be "put in' motion'',

The world of the Pythagoreans is cons,tatuted to support this trust that

>

the world, cities, and men are all alike "cosm1c“, the (spunous) work
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which the Timaeus is supposed to plagiarize (!), is significantly,

called: '"On theCosmos ia:.And"Nature ‘g_f the Soul".‘ Th.igs_ is, I think, the
chief thing'to sé&ﬁ about them . === for it is what distinguishes them from
certa1n ‘adherents of modern science who feel that the Pythagorean
ar1thmet1zat1on . . T

A X0 B of the world pre-f1gures mathemat1ca1 physms and arithmeti-

w35 4

)45)

cized mathematlcs (1 €., analys1s . I w111 try s1mp1y to describe briefly

how thi’s"P)‘rthegOreen world is put together out.of the musical items listed .

46)

above.
A _ : Rl e S = - -

"Pythagoras was the first to name the container of the whple (Tyv Twv

lol/\w-" T\‘"%KJLOX nv ) cosmos from the order ( T'O»% b ) in it'';

(Diels I, 105, 24-25 11'terally._"conta1ner of wholes", i. €., a \Aocr/u, 05

KOO/LLCA\/ - r’get ‘c,Xco is the verb used of th.e sounds which '"contain''

the intervals.) The Pythagorean rworld is thereforeq an orpement

( KOI‘O' /-JL o) S 4 ""'a_dorxi.mer»lt”‘) , but v;/het.' i‘s- :re:.sgﬂ ()__Ilﬁib}? f.o.r.; its ornamental

appeara—‘ncte'--- that 1sto sa{y, bot‘h for itshr.nal;ing an appearance at all

.. and for its 'heing delig.‘htf:till a',nd.v".'M.ueibce,l", 1s the or_derlih_es__s of its

]

arrangement.

This orderly arrangement has several aspects.

a. It is an otder of pr1or1ty, 1n whiehv some thin_g,_s come first and
others second. Th1s order ‘rnavlvees"dhder‘s,‘tgndihg ,‘f_irst possible,
insofar as to understar;dmeans to fmd ;wh~at came first, what the
begmmngs ( OL$><QL ) were.» ”the th1ng&_r_s_101ned the

one . v (Ph1lolaos, D1els I, 410, 11-12; also 13 ).
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It-is arrangement simply. It makes limits, distances,

47)

differences, 'through which" '’ arise the many things

" which the world “contains". This is effected by that ''one"

"to use",

and "two'' ‘which contain the distance ''through all''. To

understand how they do this is to take the noblest road of

inquiry, ''not so hard to indiéate,-but overwhelmingly hard

48)

It is an order of being. The same one and two and the rest of

the numbers mmake things be, evenin a bodily way: ''number...

makes thinge have the nature of bodies!(Philolaos, Diels I,

412, 1; also 454, 3), This is to be inferred from our

grasping them, for did they not '""have' number we would be
able to think nothing and know nothing' (Philolaos, Diels I,
408, 6) === to 'take in' nothing. But if things 'have'

number they are number as Aristotle (Metaphysics 987 a 22-23)

accuses the Pythagoreans of reasoning, (The integrity

of these numbers, which make the being of things, is, of
course, their most important characteristic; one might say
that they put integrity, i..‘e.’ ’ whbole‘n.ess, into the worid. It

is therefore unthinkable that anything could be done to break,

N J :
: i.e., to fraction 'the Pythagorean unit: ™MV A ovc\c(c.\ C(L-

s ~ ” ol " > ( /
Qh?i.L o"b;c:n\' : "QT‘E‘K) GouvaTov " to divide the unit === which is

" "impossiblée", as’is said in Prop. III of the Canon),
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. ) ) (
d, Itisabond( cuv C'Ecy)»Oj - Timaeus, passim ), 'Since
_- < N = -~
these beginnings underlay ( O (JXOLL UTT *\%XO\/ -
literally either '"were present' or "governed from beneath''),
being unlike and of different family, it would indeed have been

impossible to make a cosmos ( Ko O’/LW\ Sv’\ vV AL )

with these, had not harmony also come about, in whatever way

it did come about" (Philolaos, Diels I, 409, 2 f). At this

point the "ornamental" or delightful aspect, comes in, namely

by way of the logds: ""We delight in consonance because it is
a mixture of opposites having a logos with one another. For
logos is an order (TOLE&\, - ) which is sweet by nature'
(Aristotle, Problems,‘ XIX, 38). The logos makes all things
into ''relatives''; as ratio it allox&s agreement and consonance
‘to é.risé over distances or intervals. But the bond is not only
“in having relations, but in having‘ "fit" relations, in making a
“fitted thing'" ( E\G)AOLT//LE'VO 2 )s wh1ch, in harmonic ferms

(Introduction to Harmonics, p. 186, 2~3), is "compou_nded '

frorh éounds and intervals lh_a,ving some oider ( TOI\% kS )
is, in short, a "syéfem“. This is th‘eii’g‘reat.v_iim__l_g, and as the
Pythagoreans thought, audible , heavenly orderr--- ﬁeliocentric 3
marvellously enoﬁgh (see Note 42 a) === which comes to be know
to us through the different senses === as a cons equnence "the
body is cherished by the soull', because Withoﬁt it it cannot use
the senses'' (Philolaos, Diels 1, 419, 3-4), But "within the

i C '
soul,[number] fits all things in with sensation ( QC)A OSCJ\/

!
* of the KOCS/AOS , a rather mysterious and marvelous aspect,
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r— 4 ’
CLLO@V\O €L) and thus makes them known ( yvwoTA )

»to and address‘ ( TV 600' \’:Q Y © (?CL ) one another
accordmg to the nature of gnomom" (Philolaos, Diels I, 411,
'18 fa3 the.gno.mom is to astronomy what the canon is to music,
the specmi meaeur1ng st1ck of tha.t sc1ence). The "harmonic"

. bond then, is what Joms not only the world to itself but the
lsoul to the world. Th1s is why 1t is the Muses . who tell the
beg1nmngs of the world (Heatod, Theogony, 116 f, ). Those
‘who receive the1r song have rece1ved a ''sacred gift" (ibid, 96),
identical,.l__ think, with that ''gift of the gods" - knowledge
of the beginning of being.— th.ch ‘Soo‘zjate_e._;eoeiv_ed from the

Pythagoreans (Philebus 16 ¢ §)...

(One last aspect, bélonging to the very word orders an order is usually
"given' or made by soimeone, The mythical, ‘albeit :pt"o's‘aic, name of this
maker of order is “the Artisan" [ Jq/\)L LoU GY O/S | ], literally,
"sublic worker“)49).. His tool, by which he makes the cosmos -== as we in

50),

_ turn make it from the cosmos =---is the joi'ner"'s 'too.].; the canon.

What remains of this extravagance? Pythagoras himself discovered its
most world-shaking difficulty =-- that there are things in the world not

. that he

numerable in relation to one another, In fact it is thought .
came across this "scandal" in the course of his discoveryof. compounds and

cornpoundmg, namely when attemptmg to d1v1de the diapason equally, which

is, in numbers, the problem of ﬁndmg a mean between 1 and 2, or of
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finding V2, an irrational. But beyond this difficulty within mathematics
itself, the whole thesis of number as the being of things is untenable.
The arguments are in Aristotle === no one could remain unconvinced

(Metaphysics, 1092 b 2 f, ). Even the heavenly order turns out to be more

amenable to a treatment which does not concentrate on the harmonic
arrangement of the planets. All in all, the notiop of a directly "learnable",
i. e., literally '"mathematical" world order seems to be discredited ---
both on account of the discoveries of the new science, and also_because of

52)

the nature of aisthesis itself and of its objects.

Twor aspects of this cosmology éeém to' me yet to refain tﬁ:éir force. :’One

is the science of harmoni(;.s itself, of which a little more below. The

other 'is preciseiy that "naive' v1ew v)ith which we began. Aristotle calls ‘
it "tqo simple"! a;nd D&\TLT\ cs,)\C\(Q)S - "éupérficial" (Méfaphysics 987 a
22-23), It consists in suppolsing that that '"to which. the terrﬁ spoken of |
first applies, is the being of the thing" (ibid. 24 f. )‘. It seems to me, ‘
however --- and Aristotle affirms this in his very writing of a history of

earlier vi ews -~- that it is not possible to go beneath the surface be_fore

having been on it. 2 I mean that the "naive'' collapse of "that-through-

which'" into the thing itself, of the instrument into the artifact, ofr the

knowable into the known, of the sense 'data' into !'reasons", of the body

into the soul --- in short of the world into its being, is the only beginning

for an inquiry which is to go into the_- depth of things. - For it establishes

that order of desire which alone can make the inquiry move. And therefore

Socrates speaks of the initiatiors of this inquiry as ''the ancients, who were
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stronger -than we and lived niearer to the gods" (Philebus, 16 ¢ 7-8).

We began by asking what harmonics or mathematical music was. We
have seen that it was once conceived as the theoretical'a"nd“i)ractical 7
sc1ence of the world but that th1$ turned out to be 1mpos31b1e. What is

left ?

The passagé Republic 530 e f. is about harmonics. iMﬁsician‘s, Socrates

says, labor: eve-‘r“the endless task of detérmining the héarable consonances
‘ a.nd dec1d1ng what the "dense” 1nd1v1a1b1e 1nterva1 is (cf Prop. XVIII and

F. Notes) There follows a glonous parody of the way these people ta1k54)

/\

those who "put their ears ahead of thelr thought“ ( Gota Tol vOou

| \_O O 5 VOUS‘ | \\600'“'\0'0 MZVOL )" They speak of "beatmgs"
(a play on \"/\V\\Z CxL g the cause of souhd see the preamble of
»the _g_a_ngr_l) andv subsequ_ent “‘aceesations .and'demals and boastings"'

.y (a takefoff en the .notion -ef n’me?'.:cal ’4;voi‘e_e”:, and of con'sonance and

dissonance as assent and dissent).

" In short, these musicians get caught in futile attempts to settle questions

" +‘Concerning precisely those matters which become the assumptions of the

" Canon (cf. Sectién G), namely 1. what intervals are to be called
.. consonances and 2. what the least interval is-to be. Once having

" -agreed on'these, Socrates'might have gone on, they-pay the penalty

' for having started at the wrong end -=--that'is, with the ear's data

rather than with a "problem"(Republic 531 ¢'2) in mathematical

construction unburdened by the requirements of sense. For they discover
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a certain intractable, unrea_,sonableness;i:_n__,their. mathematics, an .
insufficiency --- whichis presented without a word of comment in

Prop. IX of the Canon --- namely that ‘oAncé\ the tone in@erval has been
”obtaiﬁed IthArou‘gh cons:onance" it Ais n;o_t éoésibie to "obtaih” the diapason
vby compouﬁding all six'fcl)nésv v&hich lie within it; instead the resulting
ratio is an infervai -whilch e::j(;-eleds- thé diapasén by a i:ieéé c.a.lled‘

the "Pythé.go.re:an co-rr’xr:n>av':';-!:--f:'nyhagorean" because cﬁar;cterisfically,
they. th.er.nseslAv‘els‘ dlscoveredthe “d';ff;lculty. . A séale V"oliatva;nc\e;i through
c;arisoné;néé" is: éﬁei‘efé?é notperfectly fitted. ‘Soéfateé war'z.ts”this' .whole
ehte-rp:ris.ej ttc». cﬁt loose fromlts :éounda.tioné in fhe -senées,"an.c.l to investigate

rather what numbers are consonant and why (531 ¢ 3-4)

What would the content of this purified harmonics be? :Everything in this
section has been directed toward showing that the Canon, at least, is not

56) *

about such a harmonics, What then, might we imagine that such a
work would contain? I think that the proper content: would be precisely
that theory of compounding so conspicuously omitted. by Euclid (see

Section G). Although I have found no ancient text that says so, there is a

certain plausibility in this, Nicomachus (Introduction to Arithmetic, I,

3, 1, ed. D'Ooge, p. 184) classifies the science of ""how much" (: To

4

WO TOV - quantity) into arithmetic, which deals with number

. "

by itself" ( K o 3 ) avuto ), and music which deals with

. o > bl .

number: in relation to others ( W(DOS & /\)\O. ). - This latter
: ; ks ; 58)

science is called by Plato '"logistic' ( A © \ LOTIKN )77, the

science of ratios. Now as music is the wider term, of which harmonics

: : 5 57
*nor does there seem to have been such a work .
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_so comppunding is apart of the: wider theory ‘of proportions,
59)

part.

.?'_“

amely. the pazt d-eanng,mmr-:the:.."ﬁttingété'gét‘h‘ef""of systems.

! A i;.--’_ TS ANy Algeas 1 f

-1 0,8 i L .‘

2 ::But why d1d th1s pure harmomcs never develop" That questmn seems to

;.\I 2R :
3 2

: a'me‘to open a W1de v1sta for speculatmn. Posmbly, to improvise., those
W éred the matter saw that if they went ahead they would

Sy .._-.-4 ‘ _-,_‘..‘_

I;rasently subvert frorn the inside the very character of that
Sy e L ll v o T TN Aa.:::e.ik:_::.'_)i

themahcs whlch is "useful in the search for the noble and the good"!

”‘ i3 < To g =1 8000 O I A UL B

: (Repubhc 531 c 6 7) For I have tned to show (Sectmn Gz that th1s

n éf compoundlng has somethmg 1rremovably "phys1ca1'f about

~ £ Kk « s

{

: operatlo

it: that is, it is a pezspicuous process only when '"'something" i.e., an
= . S e S AT

: 4
vy

interval ;s compounded, while it passes the "naive" understanding what a

_ pu_t;ti,l‘}g‘tofgether of relations might be; ' Therefore any f’cii‘ﬁiiiliiation of
this process must have gone the way of the ‘spurious fifth :'tlefihition of
B ook VI of the Elements; that'is, the fatios -would have ‘been turned

' into.a new kind of number; ‘a kind of "r‘elatidn-made-’-db;ject", so as to

60) Then the-decline of the logos referred to at the

61)

be multiptljcable-
end of Section G would have been fo-rmally-corhpl'etgain antiquity.
For, a8 we, saw, -the ratio in numbers, independent of ahd prior to

propq_sitionbfz-)o :and; sayable without reservation had'to g:ivé"Wa'y to

a rati® of irratjonals,:an unsayable ratio, ‘and a ratio meaningful only
n its M‘ of sameness with other ratios in that propoi't:ion; "'And

as :r‘a;tia;had once to .éive. way, SO now propd'rti'on itself would have
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ratios and would have become simply a relation of variables, so that

63)

"to compound" would havs Been to establish "joint variations'',
Such a harmomcs. would have turned out to be, albeit no longer
"Mus1ca1", yet apt to the study of the phys1ca1 world -~- and insofar
as this development which is realized in modern times, is already

contained in Pythagoras' mathematical music, he has left no small

bequest. 64)

Notes to G. and H.

1. Ptolemy, Harmonics, ed. Dﬁring, Gateborg, 1930, p: 194.5%1n a
chapter entitled "That the Arixtoxenians (i.e., Pythagoreans, see

Section D for Aristoxenus on Interval) unjustifiably make intervals and

not sounds the measure of consonances', says: '. . . but although they
(sounds| are, as it were, 5, bodiless, they compare only their intervals...
which are, after all, between bodies.' The Pythagoreans are, it appears,
accused of 1. taking the con-sonance for the sounds, or more generally
what is between (. o geTa S v ) for the things themselves 2. mixing

the realms of sense, i.e,, sight and sound. Speaking as a technician,
Ptolemy of course ignores the deep reasons for this.

2. Certain chief elements of this theory were evidently known in
Plato's time, cf. Becker, '""Eudoxos=-Studien III'', Quellen und-Studien
zur Geschichte der Mathematik Astronomie und Physik, III 1936, p. 244.

3. Euclid uses /wﬁﬁog » (V Def. 1; VII, Defs, 3, 4) but /u, fc/,@v
occurs in the name for superpart1cular numbers, E ﬂu/& e v OS =

4, This, of course, has nothing to do with when the Canon was actually
written (see Section C). The word '"scandal" is Tannery's. I found it

in Stenzel, Zahl und Gestalt, 1959, p.88, together with a wealth of

other references both ancient and modern. For the Pythagorean
discovery of the irrational see The Thirteen Books of Euchd's Elements,
ed. Heath, III, p. 1 f. ~

5. This definition of world --- before it becomes a cosmos -=~ does not
seem to me to be too abrupt, especially not for the Pythagorean context,
see Section H, The equivalence : world = place of life is made by
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‘the Pythagoreans in a most 11tera1 way, for they view the world as full
‘of life, as alive, as an. ''animal' an i/UL uxoV(Diels, I,.449 7).
Whatever extravagances, high or low (e.g. Diels, I, 449 f.; Timaeus
33 b f.; Rabelais, Pantagruel II, 32) may accompany this' view, and
leaving aside also cosmological theories, it seems to me to have a

-+ serious center in human experience, which is expressed in the .

identification of world and life in our ordinary speech (e. g. seeing
.'the world;- se-eing,life) --- whatever else it is or is not, the world
is what we ''count on' to carry us on and in which we we carry on our

:: life, once:we have left the world of .the womb

6. Of course, I do not mean to imply that the word was first used in
this way and that all the other meanings developed one after the other in
time, since I do not know what, in fact happened. I mean only that '
certain simple, primary characteristics of the meaning of A f,y W

in all its uses are preserved in Homer, In short, I do not mean that
those who spoke earlier spoke more wisely, and certainly not that the
language is itself independently wise, but only that those who came

" first had less to become oblivious of. ,

¢ 7. .Much has been written about this, most of it in inaccessable places
and languages. I am unfamiliar with the mass. of it. But I will be glad

- to help people who wish to read on this to certain us eful attempts to

. understand, which I know of, :

. o Ak " AN . %} $ { 3 A : 3 " : : 1
8. . '"Naive'': from the Latin nativum, 'matural', from birth",
- ‘Munartificial".

9. Aristotle, On the Parts of Animals, 687 a 7 f.: '"Anaxagoras sa1d

it was because of his having hands that man is the wisest (cp?ov L)AOOTW\'OS)
of animals'’; cf. also, On the Soul 432 a 1 f. Compare with this the fact
that the "wisest. thing" (oo cch TRFON, 4 .) of the Pythagoreans i=s
number (Theon, e 99, 16- 17) : ' e o8 <

10, In the best case the d1fference between the human and the
" mathematical relation vanishes, cf. Aristotle, Nicomachaean Eth1cs,
;1166 a 31« 32, where the good man 'is related ( EX, gLV . ) to his
. friend ( TTPOg TOV: (_PL/\O\/ ) as to hzmself“ It seems to me
"+ a good investigation to see exactly how Ar1stot1e s mathemat1zat10n of
human affairs (e.g. ibid. , 1106 a.27 f.3 excellencé as "mean", 1b1d. s
kE132:b 21 f. : justice as. proportmn) d1f:fer$ from the Pythagorean
---- notion of number-virtue, which he clearly thought extravagant (Magna
Moralia, 1182 a 11 f.). I must omit this whole Pythagorean doctrine
.+ here, which, in any case, contains too muych of the sublime and the
ridiculous at once, of the latter where. it approaches its low perversmn -
numerology. QOne observatlon. for. the purposes of the doctrme of
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' re-incarnation all things born with souls are said by the Pythagoreans
to be "of like kind'* ( O P A VV\ , Diels I, 100, 40). But

this is also the mathematical cond1t10n for being in rat1o (Euchd v,
Def. 3). .In words;: the difference is that between SN a)\oY la and

: OeLS)&OS

11, The very phrase )\c;\{ 05 E_\/ Oxfl‘b)»ko Ly expresses the
coincidence --- the logos is in ‘the numbers. In the preamble it
occurs in its technical sense of number~-ratio but the same phrase,
when used in larger context about or by Pythagoreans means nothing
necessarily technically mathematical but rather that the thing is to
"be accounted’ for by numbers:.e.g. ''seeingithe affections and reasons
‘of harmonies’'in numbers", Anstotle, MetaEhysms 985 b 32-33;
Dmgenes Lidertius, VIII, 297 . o< /\o oL_.TYg 4w "\5 s

the logoi of life; 30: ol )\O\/OL T‘q% “(NX 5 s Vase Of'souli™

In these examples number ratios are, in fact, what will deliver the accoun.
but this is, purposely, not explicit in these phrases; see H. Diels,
Fragmente der Vorsokratiker, Berlin 1954, III, p. 258. - The opposite
point of view of that which makes logos and arithmos coincide is
expressed by Aristotle:: "For logos is belng, and arithmos material"

(Metaghzsms, 1092 b 18 19)

& Ar1stot1e, On the- Heavens, 275 a 13; Physics, 215.b 13 also
Aristoxenus, quoted in Diels, 1, p. 451, 24: "All numbers have a

" ratio with one another'. On:the primacy of numerical ratio, see
Metaphysics, 1020 b 31-‘ "The first meaning of relations is that according
“to number" T L :

13, Euclid's Phaenomena et: Scnpta Musica, ed. Menge, Introductio
Harmonica p.187, 20; p:- ZOO, 2-3 (on irrational intervals); Aristoxenus,
I, 8. There are also perfectly rational elements of voice ===~ aslde
from p1tch cf Ph11ebus 17 a 8 1,

14, The Harmonics-of Ar1stoxenus ed H Macran, Oxford, 1902
p. 236: worta CJU/A\'!O.‘QE\.O\V c-uv‘/\x./\ » ""sounds al(on_g. in, ..
fellow-feeling ; also, Theon, p. 5k

15, Porphynes, Kommentar zur Harmomenlehre des Ptolemaeus 1932,

ed. Dunng, p. 92, 22 f., makes things simple by merely stating that

most of the Pythagoreans who worked on the Canon .say "interval'

for '"ratio", and he quotes Euclid's Canon. See on deﬁmtlons of interwal

in general, Porphyry, p. 20 {., who also discusses and quotes

authorities at great length on the question of aisthesis vs. logos in

music (p. 22 f.) and particularly in respect to consonarices (p. 94 £.).

About the Pythagoreans he quotes Ptolemy: “Pythagoras and those
|
|
|
J

who followed his teaching wanted to ace ept sense ( a\ 0—8\/\ crts )
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as a guide ( OCJV\ YOS ) for logos in the Jbeginning, to provide it,
as it were, with some kindling ( € (AWU(DC\ Twa ), but the
logos which arose from this they pursued when it became separated
from sense, by itself . . . " (p. 23, 25 £); * See also Theon
Smyrnai, Exposito rerum mathematicarum ad legendum Platonem
utilium (Exposition- of thmgs mathematical useful for reading Plato)
ed. Hiller, p. 71, 4; E,v a.uabv\f 0L5 el O(Ja‘rms J&O\qu "' in sensible
and seen 1ntervals” }*QOL .

16. Theon, p. 10q, 9L ct. Se'ction‘ H.
17. Heath, op. cit. p. 189-190.

18. Except for Prop. III which needs to speak of a numerical "mean"
which will not fall ( £)VLT\' soceTal. ) within the bounds of the
superpart1cu1ar intervals, and Prop. IX, in which the tone interval
must be six times compounded and the mean intervals do not have
special names, being not quite tones. ' i

19. Heath, op. cit. pp. 133, 135.

20, In harmonics a distinction is made between a tone found < aTo
Déo v ,“accordmg to position' or Koo' ?ai)Wiv,'.i "oy itself' and
that found wata ‘W\\/ c)uvc« ALV, "accord1n§l to the ability" to
effect others or according to o HPC’S TLIWWg &X0OV »!' "what it is as
having relations' (Porphyry, p. 165 f,). Strangely enough

. Aristoxenus (p. 124, 15 £, ) says: "By hear1ng ( \/\ c\\on\ ) we
Judge the magnitudes ( B g ).LF,‘7’€ #Yof intervals, but by thinking
GG v\ S RV o OL ) we contemplate their abilities to have an effect
( Jov Ox/v\»f. bg ). " One would have thought that their size is
an arithmetical matter and their interaction an aisthetic one. However,
this difficulty illustrates the illusiveness of the character of an 1nterva1
cf. Notes to Prop. XIX, Section E.

(]

2ot ool 2 Cifus "boundary is.used for a number in a ratio by
Theon, Ptolemy, Porphyry; also Aristoxenus: ch owVA ow'cov o €0u
(p. 140, 21).

22. Porphyry quotes Ptolemy: '"'The inve'stigati’on concerning the

canon --- of what is it composed? Of things presupposed out of the
province of the musicians, and of things taken from the mathematicians"
~{p. 23, 10-12). This is in fact, not a bad description pof mathematical
physics. : i

23. Le Opere di Galileo Galileo, Florence 1933, VIII, p. 359 f.

24. The ancients used both "equality" and '"likeness" or "sameness' of

* Ysaying that...the logos finds what is right (to O(’VO") by itself and
exposes sense (O‘Yi)\c\fxew TV\V cu.c”(bqow,?23, 30-31Y,
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ratios: '"Proportion is equality of ratios'" (N1C. Ethics, 1131 a 32,

the term "samec” is used in the passages that fo follow).. "Proportlon
is likeness (- O pm oL oT Y ) or sameness  ( TG U T O =R OE )

of several ratios'" (Theon, p. 82, 6-7, who also uses ''equality' later
on). Equality is, of course, suggested by greater and smaller ratios
(Euclid V, Def. 7) which can, however, occur only in magnitudes.
Likeness or sameness points to the very widest .ole of ‘analogia as
bonding the world (cf. Stenzel, p. 150 f., and ch. IX called "One
through Analogia', whlch is full of references.).

.25, See Heath, op. cit., III, p. 2 for incommensurability proof.

_26. See Heath, op. cit., Il pp. 120-121 for ancient attempts to

explain what ratio could mean for non-homogeneous, and, by implication,
incommensurable, magnitudes. The burden of meaning is put on the

word which is supposed to explain sameness in such ratios, "avavoLfEULS !
''counter-removal', used by Aristotle. The only meaning I can

attach to this word is that it prefigures Euclid V, Def. V by

describing sameness of ratio in terms of sub-multiples (as Def. V
describes it in multiples), i.e., remove the same parts of correspondents,
~say half, and the p-roportion still stands,

27, Theon (p. 82, 22 f,) quotes Eratosthenes as saying that "the source
( ux,e)( V\ ) of proportion is ratio, which is the reason ( OU—T T, )

for the coming tobe ( Yyeveow ) of all things which do not come
to be in a disorderly way. For all proportmn is of ratios, and the
source of ratio is the equal ( T3 Usov )"". He goes on to explain

that all things must be broken up into their elements ( o7TO LXE'lox )s
and '"the equal cannot be broken into more ratios'. He explains that,
just as the monad cannot grow by multiplication, so also the ratio of
equality (1:1) does not exist in harmonics. Instead, there is the

double ratio of the diapason (1:2). j

28. Except in a quotation from the poet Ion, Introduction, P. 216, 21,

29. Hesied, Theogdny, 23, The whole distinction I wish to make might
be set out in the analogy --- music : theogony :: harmonics : cosmology.

30. Porphyry, p. 23, 8: ' 'Canonicians' are the Pythagorean
harmonicians'’, : g

31. Axistoxenus and Ptolemy both begin their Harmonics with the most
narrowly technical definitions of harmony. It is no doubt the
Pythagorean background of the Euclidian works which prevents this.

32.. Porphyry, vp. 23, 27 f. specially insists that the instrument which
is called '"the canon'' is so named from being tuned according to the canon,
and not the other way around,
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33._ It is a commonplace that the: Greeks theard: hatmony in a sequential
and not'a s1multaneous sound’ o notes, but ihere are frequent indications
that, at least for purposes of study, tones were: sounded s1rnultaneously

- (e. 8. Anstoxenus, ed Macran, P.. 234) Indeed what would ‘be more
11kely" :”""' GTerT | ' e e g, et et G . T

The’ quotat1on is from Sonnet 108 4 No one could more accurately
describe the effect of consonances than Shakespéare,  He had by-the way,

a distinctly Pythagorean view of music (eig. MerchantV, 1, 54 f.).
34. See Diels, III, under ..cru/»c?w, via, ‘% 4. - Theon; p. 56, 9 f..

35. See Diels, I, p. 402, 12:'"the dekas is called ,t\rust ( T\”L *’"\"LS o . s
_p. 455 9 10 Theon, P. 58, 13 f.. : P E

36; ThlS word was f1rst used as the name of the 'science of the beauti-
Y Tt ges {hpis, follower of Wolff (Kant's. teacher), Baumgarten, in a
thesis’ pubhshed about 1735 g

3% In T1maeus 36 f the two words are used interchangeably,’ obv1ously
' fo'make this pomt The tones which bound intervals are defmed (Introduc-
t10n to Harmonics, p. 86, 14-15) as a "breathless place ( TOTTOg

O T )\ N T Y\ g ) receptive to becoming part of a-construct"

it & TV\ /U»Ok., . i.e.,.scale)!. The'spatial metaphor is carried on

' throughout, e - 82: O’LS s the “pos1t10n" of tones in the scale.

38 See Stenzel pass1m,for references to the ancient sources for one-
'two, mohas- dyas, limit-unlimited, one- many, same- other.

39. Also Sympos1um 187 a,b: "For harmony ig consonance “and consonance
a certam agreement''. The passage speaks on the'nature of agreement,
musical and otherwise, wh1ch, it is said, could neveribe of things that

differ ( ¢w JiLa Qepopm EV Y ) but t music puts agreement into all
these thmgs. imbueing. them w1th love- for like-mindéedness with one

another ( 8?601‘& WU O/A, 6 voLav o/\xv\)\oov )“

il ¥ L
40 Ptolemy (p. . 10 26) plays on the word-- ’\L/ 04 ©¢ - as disordered

gz ooV V\ , and also (p. 10, 18 f.) on the speech-like, i.e., express-
ive, nature of consonances: '"Therefore each sound -alone is speechless
( o )\ © \{ SIS ; ) for it is one and indifferent to itself, and speech

belongs to those things which have relat1ons, and f1rst of all to two such'’,
‘417 éde Repubhc 530 d 6 £, Gahleo, p. 107" (see Note 42 c)

42" “The Pythagorean Archytas reports exp11c1tly on the d1scovery
that sound arises only when bodies strike each other (Diels, I, p. 432-433;
Tlmaeus 67 b. ) 80 a f.), but these motions themselves are not mathematlcally
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known. This is, of course, the:source of ‘the: notaon of this bodlly ‘world
as a great stringed instrument, productwe of harmony and receptive of
soul;. see:Theon p. 138, 9 f. who.reports-this view as Pythagorean and
quotes poetry by Alexander (born end of fourth century B,C,) in which
the £0smos is called a lyre of which the sun is the middle string, the
tone ca],led the mese, . Note that the Pythagorean world was heliocentric.

By Mot_ioh"feﬁters into music again on a different level, namely in
the musical artifact called melody ( on its relation to harmonic see
Aristoxenus, -ed. Macran, p. 95}, which moves with that paradigm of-
orderly motion called.rhythm. . -This is.the special competence of the
Muses as the, syn(;h;romzers of heavenly-and human ‘riictiohs {Tirnaeus,
47 cL Epmonns 987 a 2 f.3 by "human motions' - dr¢& mesnt’ thése
st1rr1ngs 1§f thersoul out' of its calm -which we call é—motwns)

I have \;/holly omitted the consideration of melody, ‘as: the ‘Séripta

Musma dog, .. It is; 2 kind of improvisation on the ob_)ects of harmonics,
and is. therefore to harmonics somewhat as myths are to'logoi, i.e.,
a sort of epi-cosmic activity. " ’

c. Perhaps the best comment on this --- understandably meager ---
place of motion and body,in Pythagorean harmonics is Galiteo's treat-
ment 6f harinény, which is, quite properly, present in'th& first of the
six days of his cosmogony, The Two New Sciences. Sagredo is
dissatisfied by the reasons given 'by those who have learnedly - -
written op music! for consideringthe double and the ‘sesquialter ratios
as the '"natural forms" of the diapason and the diapente. There are
three ways of .stating.the ratios of:these’ mtervals, for:there are three
possible variable properties belonging to strings'as bodies: . their
length, their tension, and their weight. To obtain the diapason: if 4
the length is, to be: cha.nged .the: ratio.is 2:1; -if the teénsion is tO'be"?-z 8L 4
changed, the ratic’ is.134;. if the we1ght is to-be changed, ' the ratio :
is 4:1. So those '"wise philosophers' chose their defining ratios quite
arbitrarily.when they took them from .string lenghts. There is, '
however, 2 motion which gives unique ratios for consonancés and "
incidentally explains ''the reason for more or less perfect consonances’
or dissonances', namely the frequencies of air waves; these are simply
such in consonances; as to-strike: the ear with'a certain clear 'cbrrelation '
(Dover, @iy P99 the musu:al terms are taken out of the Itahan of the
National Ed1t1on) e i, ~ : o ;

The _r_x_ggv'_ "reasons" for the arithmetical and psychological'facts of '~

harmonics are 1. measured motions (Salviati has discovered a way of
counting frequencies,p.: 101); 2.: ‘the connected properties of bod1es }
expressed .into joint var-iat:ions, and 3 aesthet1c 51mpl1C1ty. B

43, The word "ammal" glosses thls deep and. dlffacult distinction: *
"Everythzng hves Wthh partakes of hea‘t coin a.ll thmgs do not,




_ -60-
however, have soul' (Diels I 449, 24).

Regubhc 368 e 5; Timaeus 19 b 3 f
e ot Yo i

cf. Wh1tehead Smence and the Modern World, ch. 2. This is not
to say that, in a loose and personal way, the scientists themselves are
not Pythagoreans in the sense described. I have certainly come across
traces of this.is the popular writings of De Broglie, Einstein and
Helsenberg, but it seems to be mor e a matter of the feeling their science
arous,e_s in them than of the assumptions of the science itself.

46. Th1s w111 of course, be a most incomplete, though, I think, not
a m1sleadmg sketch. The cosmology of the Pythagoreans has arith-
mological, geometnc, .astronomic, 'physical" and "ethical'' aspects,
all of which fit in with the musical paradigm, being either antecedent
or consequent to it. The advantages of music as a special study are
precisely in its microcosmic, i.e., inclusivé but small-scale nature
(cf. Theon, p. 96, 10 £f.": . . . the musical and geometric and arith-
metical relations { A\ ¢ you ) of which the harmony of the whole
consists'', ; B

The sources reporting on Pythagorean cosmology are collected in
Greek in Diels I, 446 f. Of these, these passages in the Metaphysics
are the chief ones: -

985 b 24 {.: cosmolo.gical'prin‘ci'ole.s; ‘
1092 b 8 f,: Pythagorean theory of number with a refutation.

Of the older'Pythag.orean texts, the chief ones are the fragments
of Philolaos, (ibid. p. 398 f.) and Archytas (ibid. p. 421 f. )

It is generally agreed that the T1maeus and the Epinomis ut111ze ---
in whatever strange mode --- Pythagorean doctrmes.

47. Pseudo~ Alexander (p. 6,01‘,- 3:£.) s-p'éaks of the '"inbetween'' and
"distance' !'through which" ( S o 'A) things change into each

other. Such thlngs must be - ‘CO/\AO Y‘E\/r\ .

48, Ph11ebus TR 2 "There is no nobler road,nor' ever will be,
than that of wh1ch I am a lover", says Socrates (ibid, 16 523 ‘)KAnd he
goes on to illustrate what he is saying by a consideration of the science
of 'voice' and then harmonics. Again music is the paradigm study for
the b eing of the world. Y& v L

49 The word "dermurge" is- used in th1s context before the writing of

the Timaeis, e. . 8. Heracleitus: "Logos'is the demiurge of what there

is" (Diels I, p. 145, 35); Philolaos: 'father and demiurge Eof(the
cosmos | " (ibid.. p. 418, 11). : Philolaos' expression shows the double
*in the beginning of a speech about .this- ‘ordering ‘of the world by the one- ahd
the many = he ‘actually uses the word mv\zv\o?u eva (ibid, d 1).
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naturé of the Pythagorean cosmos.. as 11v1 g 1ng of l;vmg thmgs
it has a father' as artlfact‘ of art1facts ;t ha,s an. art1san ( as agamst
it takeri i whlch aspect it has a.mover who works g

from the inside, Metaphysms 1070 a 7-8).

50. In ordinary life a canon tells what the right proportions are, and
is used by architects and sculptors (e. g. Polycle1tus' Ganon of human
proportions). It is, therefore, what the demiurge of the T1maeus

" must'be usmg for the fitting of the whole. ‘In another versgan
"number 18"the tddl for d1st1ngulshing ( K kT UACV KSd \/OVOV)
of ‘the’ bosmbu.rgm god" (Dxéls I, p. 109, 29). ‘ hat would not be ;Eor ‘
the fitting part of ‘the Job “biit fot the’ const1tut10n of the elements Y
of the whole. "And since the Pythagorean elements are numbers -
(Metaphysics 986 a 3), this is another example of how in the

Pythagorean world tool and artifact comc1de.

51, Stenzel; pi 101 (Tannery s 1dea)

52. This lattér is, of course,’ 'Both an older and a far more welghty
difficulty: (Phaedo 6529 f.; 9646 £.). o i

53. Those who have heard Mr. Strauss lecture will find this
metaphor farniliar. I havé also heard’ reasons why 1t 1s not a
metaphor. o s 2L TS R AR

54, I'canmot help: remarkmg that thesé tongue 1n-cheek dlsqu1s1t10ns ',
of Socratés ;. be,they on génealogy," ‘local mythology, or technical E
subjects, all show someth1ng about h1m that we tend to forget -

. altogether - 'how many thmgs he knew. o

55, cf The Freshman Physics Manual P 31 f¢ It is said there-
that the comr_n_a‘_,represent‘s that residue:of irremovable irrationality -

called '"tragic. necessity''; I cannot find the exact source for:this but"*®

it makes good sense.. But compare Plutarch's statement that T .
""necessity is’ a-musmal“ D1els I, p. 358 13 See Dlels I p. 105 Tl
on the commia. . - - . fzuen ~ :
56, It is, of course, the obvious assumption that it is an example of
- Ypure' harmonics, see’ Tannery, p. 218 (who has reservatwns)
7 I eea ke TS S SRR @& 51 ' s (ST $he iR
7 Mrs. Gustln has a great deal of: mformatlon precmely ion the“ Biedd
Problem of purely mathematical harmomcs. : i Bl

It might be objected that Nicomachus (Introduction to Arithmetic, II)
and Theon. <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>