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Dedication

Caspar Wessel (1745 - 1818)

Let us pause for a moment to remember and give thanks for Caspar Wessel, Norwegian mathematician
and cartographer, who conceived the idea that complex numbers might be usefully portrayed on a
map.

Introduction

We ended the last talk with Rafael Bombelli staring at Cardano’s Formula as applied to the cubic
equation

x3 - 15 x - 4 = 0

The formula gives for a solution:

x = 2 + 11 -13

+ 2 - 11 -13

which at first glance appears to be nonsensical since it consists of two terms both containing the cube-
root of expressions involving the square-root of negative one, which mathematicians in other contexts



agreed meant that no solution was possible.  But Bombelli knew that there was a solution to this 

equation.  In fact, he knew what at least one of the solutions was:  the integer + 4 solves the equation.  

43 - (15) (4) - 4 = 64 - 60 - 4 = 0

Bombelli figured out by some combination of guesswork, deduction and just inspired staring that there 

are expressions which, when cubed, give 2 + 11 -1  and 2 - 11 -1 .  They are 2 + -1  and 

2 + -1 , respectively.  Hard as it is to find them, it is easy to confirm that they work.  All you need do 

is to multiply them by themselves three times, keeping in mind the one rule we know about -1 , 
namely, that when multiplied by itself it gives -1.  

2 + -1  2 + -1  = 4 + 4 -1 - 1 = 3 + 4 -1  

2 + -1 
3
= 2 + -1 

2
2 + -1  = 3 + 4 -1  2 + -1  = 2 + 11 -1

And

2 - -1  2 - -1  = 4 - 4 -1 - 1 = 3 - 4 -1  

2 - -1 
3
= 2 - -1 

2
2 - -1  = 3 - 4 -1  2 - -1  = 2 - 11 -1

Knowing the cube roots of  2 ± 11 -1  allowed Bombelli to solve the particular problem facing him:

x = 2 + 11 -13

+ 2 - 11 -13

= 2 + -1 + 2 - -1 = 4.

However knowing the answer to this problem doesn’t show us how to deal more generally with other 
numbers involving  -1 .

The answer to that problem is the subject of tonight’s talk.

Arithmetic of Complex Numbers

Their Real and Imaginary Parts of a Complex Number

The most evident problem with -1  is that it doesn’t stand in a relation of “more” or “less” with 

regard to other numbers we have come across.  That feature more than any other makes -1  seem 

especially weird.  When one takes the step from the whole numbers to fractions (that is, to positive 

rational numbers), things like “one-half” or “five and a quarter” could be related as greater or less than 

whole numbers we were already familiar with.  Later, for all its undefinable strangeness, an irrational 
like 2  at least sat snugly between rational numbers, greater than some and less than others.  (That, 
in fact, is how Dedekind defined irrational numbers, namely, by identifying which rationals each was 
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greater than and which it was less than.)  Even the very strange negative numbers aren’t as peculiar as 

-1 .  If your idea of a number is that it should respond to counting something or measuring some-
thing, negative numbers are nonsense because there is less than nothing there to count or to measure.  
But if you can get over that problem, at least negative numbers still stand in greater-and-lesser rela-
tions to one another.

Not so -1 .  It is neither greater than nor less than any real number.  That much is pretty clear:  the 

square of every real number is positive, or at least “non-negative.”  The -1  is not anywhere on the 

real number line that stretches from enormous negatives to enormous positives.  So, if we are to 

imagine it at all, we have to picture it being “somewhere else.”  

Caspar Wessel set the imaginary numbers apart from the reals on an axis of their own at right angles to 

the real number line.  He thus established a complex number plane.  One axis represents the real 
numbers, the other the numbers that include -1 .   A real number and an imaginary number together 
form a two-part entity called a “complex number.”  Each point on the complex number plane repre-
sents a single complex number.  A complex number can look like:

2 + -1 or  -3 + 9 -1 or 0 + 5 -1 or  -4 + 0 -1 .

The first and second examples have both a real and imaginary part.  The third has only an imaginary 

part; the real part is zero.  The last example has only a real part; the imaginary part has a zero coeffi-
cient.  

At the risk of seeming overly pedantic, I want to note here that “having an imaginary part with a zero 

coefficient” is not quite the same thing as “being a real number.”  The complex number “-4 + 0 -1 ” is 

not quite the same thing as the real number “-4.”  The reason for this hyper-technicality and squeamish-
ness about nomenclature is not at all clear at this point and it won’t become clear until the last lecture.  
It’s not unusual to overlook this distinction and, for now, doing so won’t cause any problems.  It is 

common, even convenient, to skip over the zero terms and to write “-4 + 0 i” as just “-4”  I mention this 

not-yet-developed distinction only so that, when it comes back again in the final lecture, I can say “As I 
have already said …”, and you will all nod sagely in agreement.  

The real and imaginary parts of a complex number stand in different orders and, when they are added 

or subtracted, they act independently of one other.  In modern parlance, one might say that a complex 

number can be represented as a vector on a plane with a real axis in one direction (generally, le�-right) 
and an imaginary axis orthogonal to it (up-down).  That’s not how Caspar Wessel spoke because the 

term of a “vector” wasn’t introduced until the middle of the 19th century, decades a�er Wessel died.  
But the fundamental idea is there:  a complex number is a two-part object whose parts add indepen-
dently of one another.  That idea had been around for years, at least since Isaac Newton had analysed 

motions into components towards and parallel to the sides of a parallelogram.
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Here, then, is the representation of four complex numbers on a complex number plane:  3 + 4 i, 2 - 4 i, -4 

- i and -3 + 2 i.  So far, this is just a picture.  Its value appears as we see how it is used.

Addition and Subtraction of Complex Numbers

In addition, the real and imaginary parts act separately.  So, if one adds

-3 + 2 i to 4 + 2 i one gets  (-3 + 4) + (2 + 2) i

The real parts add ordinarily, and the imaginary parts do too, thanks to the (formerly implicit, now 

explicit) understanding that “distribution of multiplication over addition” works for the number i as it 
does for other numbers, so that we have:

2 i  + 2 i  = (2 + 2) i = 4 i.

This procedure is just what one would do with components of a vector or of  a decomposed Newtonian 

force or velocity.  Graphically, as Wessel proposes envisioning complex numbers, the result looks like 

this:
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Multiplication by a real number (or real part of a complex number) is like ordinary 

multiplication

Multiplying a complex number by a real number amounts to multiplying each of the real and complex 

parts of the complex number as you would expect.  For multiplication by positive integers, the result is 

just like repeated addition of the vector representing the complex number.  Multiplication by negative 

numbers is like repeated subtraction.  
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Multiplication of 3 + i by 3 + 0 i

3 + i

So far, so good.  The graphic representation hasn’t yet shown us anything novel about complex num-
bers or given us new, but there is more and better yet to come.

The Crux of the Problem:  Imaginary Multiplication

Next we have to deal with complex numbers times other complex numbers.  This is where things get 
interesting.  It’s not immediately clear what that means graphically, but we do have an algebraic 

understanding.   The one thing we know for sure about -1  is that when you multiply it by itself, it 
gives -1.  

Let’s go back to the example we have already seen:  Bombelli’s discovery that 2 + i is the cube root of 2 

+ 11 i.   As we showed already, we can multiply 2 + i times itself:  

(2 +  i) (2 +  i) = (2 ⨯ 2 )+ (2 ⨯ i )+ (2 i ⨯ 2) + ( i ⨯ i) = 4 + 2 i + 2 i  - 1 =  3 + 4 i.
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(2 + i)(2 + i) = 3 + i

So far, this is not too revealing.  Multiply the product by 2 + i again:
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What sense does that make?

The meaning appears more easily with Polar Coordinates

So far, we’ve been writing complex numbers like points on a plane using Cartesian coordinates.  For 
some purposes, it is a LOT easier to understand what is going on if you use polar coordinates.  (Trust 
me.)

To start, consider a circle with a radius of one centered on the origin.  This is the “unit circle in the 

complex plane.”  
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A (cos θ + i sin θ)

1.11841 = θ

1.51 = A

Now if you choose any angle θ, the point  (Cosine(θ) + i Sine (θ)) will necessarily fall on the unit circle.  
As the angle θ goes through the complete cycle from 0 to 2 π -- we measure angles in radians, which is 

easier for all sorts of reasons once you get used to it; if you are thinking in degrees, say “0° to 360°” --  
the point (Cosine(θ) + i Sine (θ)) goes around the circle.  If the angle continues to grow, the point spins 

endlessly around the unit circle.

If you want a point, that is to say “a complex number,” inside or outside the unit circle, multiply the 

result by some constant A.  If A is greater than one, the corresponding point (complex number) will be 

outside the unit circle; if it is between zero and one, the point (complex number) will be inside the 

circle.  Any point on the complex plane can be designated with a pair of numbers A (for length) and θ 

(for angle). 

In complex-number-speak, the angle of the complex number expressed in polar coordinate form is 

called the “argument”; the length is called the “modulus” of the number.
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Multiplication of Two Arbitrary Complex Numbers

Try multiplication again with two arbitrary complex numbers, this time expressed in polar form.  Let 
the two numbers be:

A B (cos(θ) cos(ϕ) - sin(θ) sin(ϕ) + i  (cos(θ) sin(ϕ) + cos(ϕ) sin(θ))

“Okay,” you say.  “How has this helped me?”  The answer to that would be clear if you had been careful 
about memorizing trigonometric identities, in particular, the identities for the sine and cosine of the 

sum of two angles.  On the off chance that you don’t have those identities burned into the forefront of 
your minds, let me show you what you need to “remember” or, as Socrates might say, “recollect.”

Digression:  Trigonometric Identities for Sine and Cosine of the Sum of Two 

Angles.

Consider a portion of a unit circle with center at O.  From center, draw a line OA at any (acute) angle; 
call the angle ϕ.  Drop a perpendicular AF to the horizontal diameter of the circle.  The right triangle 

formed as lengths that represent cos ϕ (horizontal OF) and sin ϕ (vertical AF).  Now draw a line OB, 
creating another angle, θ, on top of the first one.  Drop a perpendicular BC to OA, the hypotenuse of the 

first triangle.  The segments OC and BC represent cos θ and sin θ, respectively.  Drop perpendicular CH 

to the original diameter OA.  Also, drop a perpendicular from BD at the top of angle θ down onto the 

original diameter.  The segments thus created, OD and BD, represent cos (ϕ + θ) and sin (ϕ + θ) respec-
tively.

Note draw a horizontal CE from C to the line BD.  In triangle BEC notice that angle EBC is equal to ϕ.  
Since segment BC is equal to sin ϕ, we conclude that BE = sin θ cos ϕ and that EC = sin θ sin ϕ.

Meanwhile, since OC = cos ϕ, we conclude that CH = cos θ sin ϕ and that OH = cos θ cos ϕ.

Examination will show that:

BD = sin (θ + ϕ) = BE+  EC  = sin θ cos ϕ + cos θ sin ϕ ; and 

CD = cos (θ + ϕ) = OH - DH = OH - EC = cos θ cos ϕ - sin θ sin ϕ.
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Now look back at the product that we just obtained in multiplying two complex numbers.  

A B (cos (θ) cos (ϕ) - sin (θ) sin (ϕ)
cos (θ+ϕ )

 + i  (cos (θ) sin (ϕ) + cos (ϕ) sin (θ)
sin(θ+ϕ )

)

The collection of trigonometric terms associated with the real portion of the expression is cos (θ + ϕ).  
The collection of trigonometric terms associated with the imaginary portion of the expression is sin (θ + 

ϕ).  The numbers associated with the lengths (modulus) are multiplied; the angles (arguments) are 

added.

The significance of the imaginary multiplication is now visible:

In multiplying two complex numbers, whether written as A (cos(θ) + i sin(θ))  and    B (cos(ϕ) + i 
sin(ϕ)) or as a + b i and c + d i, graphically speaking what happens is that one
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(i)  multiplies the distances of each number from the origin of the plane (the moduli), and

(ii)  add the angles (arguments) made between the positive real axis and the line from the 

origin to the point representing the number.

In short, again:  in complex multiplication, distances from the center (moduli) multiply; angles 

from the center add.  

All sorts of neat things follow from this observation.

Raising Complex Numbers to Powers Causes Them to Spin!

If you raise a complex number to a (real) power, the argument (angle) of the result will grow continually 

as the distance from the center grows (if it begins outside the unit circle) or shrinks (if it begins inside 

the unit circle).  Raising complex numbers to real powers therefore causes the results to trace spirals in 

the complex plane.  Here is the exponentiation of a complex number represented by a point a little bit 
outside the unit circle:

�������

{Modulus =, 1.0435}

If we reduce the modulus (the “length”) so that the point falls inside the unit circle, the spiral will go 

inwards because increasing powers of a length (modulus) less than one will shrink.  
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Between these two cases is the balanced point, where the modulus is one and the point lies on the unit 
circle.  Then, increasing powers of the complex numbers will result in a representative point that spins 

forever around the circumference of the unit circle.  

The investigation of complex numbers is a vast field.  Thick textbooks are devoted to “functions of a 

complex variable.”  The Mandelbrot set, which lies at the beginning of complexity studies, exists in the 

complex field.  (It is defined as the set of complex numbers c that do not diverge when the function 

fc(z) = z2 + c is iterated from z = 0.)

All this would be subject matter for an immense study.  However, for the present , I want only to point 
to two results that are relevant to the particular path that these talks are taking toward their goal, 
constructing the heptadecagon.

Taking Integral Roots

First, now that we understand how complex numbers are multiplied and raised to powers, we can 

easily find how to find integral roots of any complex number and thereby develop a general solution to 

the problem that faced Rafael Bombelli.  His great triumph, recall, was finding the cube root of one 

complex number, 2 + 11 i, which he did by a combination of great genius, immense labor and fabulous 

luck.  (Almost any other complex number would have been much harder for him to deal with.)

However now we can see how easily to take the cube root of any complex number.  Remember, to cube 

a complex number, you cube the real number that is its modulus and triple the angle (argument).  So, 

2 Trignometry and Complex Numbers.nb  ���13



to take the cube root of a number, all you need do is to (i)  take the cube root of the length (the 

“modulus”) and (ii) and divide the angle (the “argument”) by three.

The Cube Root of 2 + 11 i

The particular problem that Bombelli faced was finding the cube root of 2 + 11 i.  To take its cube root 
the new way, first calculate its modulus (length) and argument (angle).  The length of the vector from 

the origin to (2 + 11i) we can get with the Pythagorean Theorem:  

length (modulus) = 22 + 112 = 4 + 121 = 125

If we allow ourselves some trigonometry, the angle is easy enough, too:

angle (argument) = ArcTan 112  = 1.39094 radians (79.7 degrees).

To take the cube root, take the cube root of the length (modulus).  In this case, we are assisted because 

125 = 53:

1253

= 1253

= 5 .

Take the angle and divide by three:  1.390943 = 0.463648 radians.  

So we get:  

5  (Cos(0.463648) + i Sin (0.463648) )  

=  (2.236) (0.894427 + i 0.447214)

= 2 + i

Just the result that Bombelli arrived at by genius, sweat and divine guesswork.

Here, for comparison, are the values Bombelli worked on plotted atop the graph of the spiral 
z = (2 + i)n
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The Roots of Unity

When the Modulus Equals One

We have seen that when complex numbers whose representative points lie outside the unit circle spiral 
outward when squared, cubed, or generally raised to powers greater than one.  Those that lie inside the 

unit circle spiral inward.  

Those that lie on the unit circle -- those with a modulus that is exactly equal to one -- spin around the 

unit circle with out moving inward or outward.  These are very interesting, very handy numbers.  
Because the cosine of a given angle and the sine of the same angle can form the sides of a right triangle 

whose hypotenuse is equal to one, we can write these complex numbers with modulus one in the form:

z = cos θ + i sin θ
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We have seen that multiplying two complex numbers adds their angles (arguments) and multiplies 

their lengths (moduli).   In the case of these numbers, the modulus is one, so multiplying it any number 
of times leaves it unchanged.  For these numbers, multiplying means just adding the angles.  So, if we 

take a number and multiply it by itself, we get:

z2 = (cosθ + i sinθ) (cosθ + i sinθ) = (cos 2θ + i sin 2θ)

If we do it again, we get:

z3 = (cosθ + i sinθ) (cosθ + i sinθ) (cosθ + i sinθ) = (cos 3θ + i sin 3θ)

And in general, 

zn = (cosθ + i sinθ)n = (cos nθ + i sin nθ).

If two different modulus one numbers are multiplied, we get:

z1 z2 = (cosθ + i sinθ) (cosϕ + i sinϕ) = cos (θ + ϕ) + i sin (θ + ϕ)
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θ

ϕ

Cos θ + i Sin θ

Cos ϕ + i Sin ϕ

Cos (θ + ϕ) + i Sin (θ + ϕ)

In this operation, multiplication of the complex numbers is tightly bound up with addition of the 

angles.  Such tight linkage of multiplication and addition is characteristic of exponentiation and loga-
rithms, and in fact it is a very short step from what we have seen here to a formula expounded by 

Leonhard Euler in his work Introduction to the Analysis of the Infinite that identifies the two:

eiθ = cosθ + i sinθ.

(A few years ago I gave a whole lecture on this identity; I’ll see about having it available on the library 

web-site alongside this one.)  

For now, we will be especially interested in a subset of these numbers that bear the intriguing and 

evocative name, the “Roots of Unity.”

Roots of Unity

The “Roots of Unity” sounds like a New Age metaphysical treatise or the name of a theologically 

inclined folk-rock ensemble, but in our present context it means something rather different and more 

precise.  It refers to numbers that, when raised to integral powers come to the result 1.  Numbers like:
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12 , 13 , 14 , 15
 … etc.

To put the matter slightly differently, we are talking about numbers that are the solutions of equations 

like:

x2 - 1 = 0
x3 - 1 = 0
x4 - 1 = 0
x5 - 1 = 0

or in general, 

xn - 1 = 0

Based on what I learned in high school, these equations are not hard to solve.  For x2 - 1 = 0, I know 

that there are two solutions, + 1 and  -1.  For x3 - 1 = 0, there is only one solution, +1, because 

(-1)3 = -1.  That pattern continues down the line, with even numbered powers having two solutions 

and odd numbered powers having only one.  That understanding works so long as one considers only 

the real numbers.  But in the complex number field the answer is more complete, more interesting and
in some ways more satisfying.  

Take x3 - 1 = 0 for example.  We are looking here for a number which, when cubed, is equal to one, 
that is, the cubed root of one.  Easy!  One, when cubed, is equal to one.  That’s fine, but it’s not the full 
story.  Consider the number on the unit circle whose angle is 120°:  when squared it is still on the unit 
circle and its angle is 120° × 2 = 240°; when cubed, it is still on the unit circle and its angle is 120° × 2 = 

360° = 0°.  That number is +1 + 0 i.  Thus, the complex number at 120° on the unit circle is also a 

cubed root of one!  So, for that matter, is the number on the unit circle at 240°:  squared, its angle is 

480° = 120°; cubed, its angle is 360° = 0°.  There are, in fact, three cube roots of one, and the points that 
represent them form an equilateral triangle in the unit circle.
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The Cube Roots of Unity

The Algebraic Approach

The graphical approach to the cube root of unity is simple:  take the 360° of the circle and divide them 

by three.  One can also take a strictly algebraic approach which is a little more intricate but which 

reaches the same result.  Begin with the equation:

x3 - 1 = 0.

As you noticed at first, the integer 1 (or, better, the complex number, 1 + 0 i) is solution.  Therefore, we 

expect that this polynomial will be divisible by the linear factor (x - 1), as indeed it is:

x3 - 1 = (x - 1 ) (x2 + x + 1) = 0.

The new factor, (x2 + x + 1), can easily be broken down into two linear factors by applying the 

quadratic formula to the equation x2 + x + 1 = 0 :

x = 

-1± 1- 4 (1)
2 = -1

2 ± i 3
2 .  

So, the complete breakdown of the equation x3 - 1 = 0 into linear factors is:  

 (x - 1), x - 
-1
2 + i 3

2 , x - 
-1
2 - i 3

2 
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You can verify this result by multiplying any of the solutions -- 1,  -1
2 + i 3

2  or  -1
2 - i 3

2  

-- by itself three times and seeing that you get the result 1 + 0 i.

More Roots of Unity

It should not surprise you to learn that the equation x4 - 1 = 0 gives four fourth roots of unity:  +1, -1, +i 
and- i.  And the equation x5 - 1 = 0 gives five fi�h roots of unity, like this:

-2 i

-i

0

i

2 i

-2 -1 0 1 2

-2 i

-i

0

i

2 i

-2 -1 0 1 2

And so forth.  Generally speaking, there are always n nth roots of unity.  This tidy fact is a special case of 
a more general result proved by Gauss and called the “Fundamental Theorem of Algebra” which states 

that in the complex number field a polynomial equation of the nth degree always has n solutions.  That 
is a wonderful result, but we don’t need its full generality for our task-at-hand.

Look again at the polynomials that define the n roots of unity.  We can see from the graphic representa-
tions that the number 1 + 0 i  is a solution of each of these “roots of unity” equations.  Consequently, we 

can divide any of them by the factor (x - 1), just as we did with the cube-root of unity equation:

x4 - 1 = (x - 1) (x3 + x2 + x + 1) = 0

x5 - 1 = (x - 1) (x4 + x3 + x2 + x + 1) = 0

and generally:

xn - 1 = (x - 1) (xn- 1 + xn- 2 + … + x2 + x + 1) = 0

The increasingly lengthy remainder terms are of special interest to us.  The solutions to the correspond-
ing polynomial equations
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x3 + x2 + x + 1 = 0

x4 + x3 + x2 + x + 1 = 0

and generally:

xn- 1 + xn- 2 + … + x2 + x + 1 = 0

are precisely what we need in order to find the vertices of regular polygons inside a unit circle.  For 
fairly evident reasons, these equations are called collectively the cyclotomic (that is, “circle-cutting”) 
polynomials.

They will be the subject, not of the next talk, but the one a�er that.

Oh, By the Way … One More Thing to Note About Roots of Unity!

Before closing, I want to note one more feature about the roots of unity that will show up in a later talk.  
It is this:  for any whole number n, the sum of the  nth roots of unity comes to zero.

This can be seen pretty easily by looking at the case of the four fourth roots of unity:

-2 i

-i

0

i

2 i

-2 -1 0 1 2

The four roots are +1, +i, -1 and -i.  It is evident (isn’t it?) that when these four are added together, the 

sum is zero.  A�er all, the pair + 1 and -1 add to zero, as do the pair +i and -i.  
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Only a little less evident is what happens with the three third roots of unity:

-2 i

-i

0

i

2 i

-2 -1 0 1 2

The two red vectors are parallel and equal to the blue vectors to the two complex third roots of unity.  
Placing the three vectors end-to-end in the usual way for vector addition gives a closed triangle, begin-
ning and ending at (0, 0).  

Similarly for all nth roots of unity:  their sum always comes out to zero.

As a quick corollary, if one takes all nth the roots of unity for any n, the whole collection excluding the 

number +1 sum up to -1.  This follows easily from the fact that all the roots of unity sum to zero; if one 

excludes +1, the rest must sum to -1 so that all of them together come to zero.

These facts will be used repeatedly in what follows.  If you don’t remember them, I’ll remind you of 
them when they come up again.

Conclusion

So these are the fundamentals of the arithmetic of complex numbers.  The next talk will concern itself 
with another topic altogether, the algebraic difference between points that can be constructed and 

those that can’t.  In the fourth lecture, these two topic will come together to demonstrate how algebra 

can decide whether a construction is possible or not; we’ll look at two classical problems -- the trisec-
tion of an angle and the doubling of the cube -- and then at a new problem:  the construction of the 

seven-gon.  The fourth Tuesday lecture will bring all that has been said to bear on Gauss’s surprise, the 

construction of the seventeen-gon.  
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