By l . A M. l)mw, St Jolm‘ llog,w(,‘mnbnﬂ;.,ﬂ‘

§L -;\',dlure Qf l_.lze A'egdl-i’l‘e Enel 79 I){[Iiculty. .
The relativity quantum theory of an electron moving in a given| electro-

~magnetic field, z‘ﬂthough successful in predic

natare. This difficulty “is connected with tha fact that the wave cquation,

which is of the form
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* has, in addition to the wanted solutions for “lhidl the kinetic energy of the

electron is positive, an equal number of unwanted solutions with hegative
'ki:netic energy for the c'-Iockron which appear to havé no physical meaning.
Thus if we mk( the case of a steady electrontugnetic field, equation (1) will

admit of p('rm(]u‘ solutions of tlw form
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where i s independent of 1, ropn senting statignary states, K being the total

energy of the state, mcludmg the relativity term me2. There will then exist |

sollmom (2) with negative values for K as \u-ll as those with positivel values :

in f.w if we take a matrix r(-prusvmatlon of the- Operators 940,. g5y #1173

05 with the matrix elements all real. then the conjugate complex of any}solution

of (1) will be a solution of the wave equation obhum d from (1) by reyversal of
the sign of the p()tcntul\ A, and cither the onﬂuml wave fun(tlon orl its con-

\ )
juuate (‘omplc\ must refer toa mmitn(- k. ‘ : -

i The ditficulty is not a xpecial one conneeted with the qtmntum theoty of the

classicale theory. It arises on account of the fundamental fact that in the
relativity Hamiltonian cquation of the classical theory. namely. |
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ting the spin. propertics of the |
“electron, vet involves one serious difliculty which shows that some fundamental |

poowe T {2

clectron, but is a gencm] one appearing in-all relativity theories, also in the

- alteration is necessary before we ean regard it as an accurate description of |-
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““for which W 4eA, << = me?, and we may Sl‘
- We cannot, }u)wc\'ﬂ‘ gtt over the difficulty so-easily in the quantum

It is true that in the cuse of a atea(lv elocteraurlctlt, field we can
dlstmcnon bet ween those \O]ll(]()lls of (1) of the form (2) with E pos
those with K negauvn and may l&s@rt that only the fornier have a,
meaning (as was actually done w hen the lhcory VRS a}‘)pliod to the deter
of the energy levels of the hydrogen atom), it if a perturbation js a
the system it may cause transitions from one kind of state to the 'o’t;_l.lém

general case of an arbitrarily varying electro magnetie ficld we can
hatd-and-fast separation of the solutions of | the wave ‘cquation i
referring to poritive and those to negative Kinetic cnergy. Furthe

accurate quantum theory,in which the electrd magnetie field also is subjected

to quantum laws, transitions can take place in which the cnergy of th

changes from a positive to a negative value even in the absence of any external
fiekd. the surplus energy, at least Thie? i in amount, being spontancoulsy emitted -
in the form of radiation. (The laws of g‘Qn,s‘t\'\'-Mi()'ll of energy and momentun

require at least two light-quanta to be formed simultancously in such g

Thus we cannot ignore the negative-cnergy  states ‘without givin
dmhlg.,mt\ in the interpretation of the theory.' . T
Let ux examine the wave functions rcprmomm" states of nogatn
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little more closely. I we superpose a number of these wave functions in such .
o way as to get u wave packet, ihe motion of this packet will be along L classical
trajectory given by the l[amnl!oman (3) with W - eAy negative. \1%ch a tra
jectory, it is rasily scen. i3 a possible trajectory for an ordinary elect ‘ron (with

pu\m\o energy) moving in the clc(‘tlmmwmtu hcld with reversed

for an electron of charge -4 ¢ (and pomtnc energy) moving in the original
clogtmmagm tic field. Thiis an electron udth neqative eneéggy moves in g externa

field as though it carries a positive charge.
This result has led people to suspect a conneetion between th
energy electron and the proton or hydrogen nucleus.® - One cannot,
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* Nee for exanple, Weyl, " Zi f. Phys.y’ S’QI. 36, p. 332 (1929).
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nply assert that'a nogat
He following paradoxes

i) A:transition of an cléctron from a state
“+ . energy would be interpreted as a transiti

which i\'ould \"iolatethe law of consery

(ii) Although a negative-energy electron mo

having a pegative charge; e.q., the nega
& ia! g >

the positive-encrgy clectron.

(i) A negative-energy clectron will have less
: A

~will have to absorb energy in order to be

of this natire have ever been observed.

A cquvr consideration of the conditions that
actual world suggests that the connection b
energy -electrons should be on a domewhat d
found to remove all the above-mentioned diffict
§ 2. Solution of the Negative En

The most stable states for an eectron (i.c.. t

‘those with negative energy and very high velocity, ZAll the electron

“world wil@*nd to fall into these states with em

exclusion priticiple, however, will come into play and prevent more™t

_electron going into any one state. Let us-assume there are so many e

in the world that all the most stable states are

that all the states of negative energy are occupied ércepl perhaps a few
velocity.  Any electrons with positive energy will now have very little

of jumping into negative-energy states and will

\jr‘s‘ in an external field as

~ "it has a positive charge, yet, as one can easily sce from a considet
conservation of momentum, the field it p

an ordinary positive-energy electron although it is itself attra
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are observed to behave in the laboratory.  We shall have an infinite number of
P - i

electrons in negative-energy states, andindeed an infinite number per unit

volumé all over the world, but if their distribution is exactly’ uniform we
should expect them to be completely unobservable. - Ouly the small departures
from exact uniformity, brought about by some of the ncgaliw-wwryy.xlaﬂws beiny

unoccupted, can we hope to observe.

Let us examine the propertics of the vacant states or holes,” The:

|

egative |
proton; |

nrately,

of small_




thmg repreqentable apart fro
fon. ’Ihus thie hole. or vac«incy i

reglon that is othcrwmasa,t»umtcd‘ \ynth Q_lcctr ns is much thc same thmg,as A

((’oul of them. SRR

In the X-ray case the holes should be count‘-od as things of nega@i'\e éne'rgy'; )

sinee to make one of them disappiear (i.e., to fill it up), one must add to it an

single clectron in a region that is otherwise de

ordinary clectron of f)osifivb energy. Just the contrary holds, hov ever, for
~ the holes in our (hstnbuuon of negam -encrgy electrons. These holes wil

he thmﬂ\ of positive energy and will therefore be in this respect like ordinaty
particles.  Further, the motion of one of these holes in an exterpal electro]
“magunetic field will be the same as that uf the negative-cnergy electron thaty

would fill it. and will thus correspond to its possessing a charge +- e We ard
therefores Jed to the assumption that the lwh'!s'? in the distribution of] negatived
energ i electrons are the protons. When an elect Lon of positive energy drops intg
a hole and £ills it up, we have an olvctron and proton dls.ippearmﬂ tooether with
emission of radiation. ‘ ‘ ‘ _

(hlhcult\ arises when we consider the hold produced b\' the dlatnt)ution of.

y which

’nm_uu.w energy electrons. - There is an- mhmtc d(lmls of clectrici

| -

according to Maxw ell’s equation ]
CdivE = — 1z, S
should produce an electric fiell of infinite divergence, It scems natural,
however, to intorpret the p in Maxwell's equation (4) as the departure from thqg
normal state of élecﬁ‘ihc mon of the world, which normal state of electrification,
dCt()ldln" to the present theory, is the one where ev ery olectromcﬂ‘ state of
l";,eltl\(‘ cnmg_v and none of positive cunergy is occupied. This ¢ ) \nll then
consist of a charge -~ ¢ arising from ecach state of posm\ cuelg that,' is
occupied, together with a charge -+ e arising from each state of neaati‘{(e on'crﬂv
that is unoccupied. Thus the tield produced by a proton will Lorrqbpond tow
“its having a charge + e. . ‘
In this way we can get over the three difficulties mentioned at the end of the
_pnw(hng section., We require o pcmtulate only one fundamenta{ kind of
particle, instead of the two, elcctro'x e\nd proton, that were previously meces»ary




t the thcorv qwos to ﬂ largc e\tent, ﬂyn me(rv hctm‘rn <*lc(tr
- protom We may mterchq e their roles- nml assert that the protoxwa
real pqmclcs and the clectmm are merely hc:»lcx in the distribution of

of megative energy.  The symmetry is not, ho wever, mathematically

when one takes interaction between the eloctrons into account. Hone
~ the interaction, the Hamiltonian describing the whole system will b
o form X II “hcrv H, is the llmmltonmn or energy of an clectron in
“.and the summation is taken over sll occupied states. This differs o1

constant (i.e.;"by something independent of which states are occupicil) from’

'ﬂm st X (— H,) taken over all nnnooupicd states. Thus we get {
t'hc same dynamical system if we consider the unoccupied states or
'each to contribute a term — H; to the Hamiltoman.,  On the other
we take interaction between the electrons into account we get an ext
of the form ).',‘\v"win the Hamiltonian, the summation beimy taken
pairs of (_)‘(x'u['),iml states (a, ), and this is not equivalent to any sum tak

pairs of unoccupied states.  The interaction woyld therefore give an es

different Hamiltonian if we rp;\unl the protons “as the feal particles

- «

' ocoup\' states, i - : .

“to calet

The consequences of this dl\s\ mmctrv are not very casy
l't]dll\htx( hnv>, but we may hope it will lead cwnllmn\ to an c\plal\
the different nmxwx of proton and electron. | Possibly some more
theory of the interaction, based perhaps on demgtnn s caleulation®

fine structure mnxt‘lm e he, is necessary l)cfuro this wmlt can be obty

§ 3. dpplieation to Scatte IlllJ

As an clementary application of the foregoing ideas we may cons
problem of the scattering of radiation by an electron, free or bon
scattering process ought. according to theory, “to be Consulorcd asa
transition process, consisting of first an ahnorptlon ofa photon with the ¢
simultaneously jumping to .mv state. and thvn an emission with the ¢
]umpm" into its firial state, or else of first the'emission and then the abs

-+ Eddington, 'Roy. b‘oc. Proc.,” A, vol. 122, p- 358 (1929).
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~same total energy, but the mtelmedlate state, Wthh lasts only a Vel

time, may have a considerably different energy.

ted. photon and the clect

~ The question now arises as to how one is to mterpret those scattcrind pro CE

‘cesses for which the intermediate stape is one of negatwc_energy for the elect ron‘;
According to previous ideas- these int;e‘rmcd{ate states had no real physical
meaning, so it was doubtful whether scattering processes that arise through

their agency should be included in the formula for the scattering ¢
“This gave rise to a serious difficulty, since in some important pract
’ nmrly all the scattering comes from intermediate states with negat

for the electron.*  In fact for a free clcctroxw and radiation of low frequency, -

where the Classxcal formula holds, the whole of tho scattering comes

mtermcdmto states.. » )
According to the theory of the prcscnt [)dH)Cl‘ nt, 1s absolutel_y( forb;

the exclusion principle, for the electron to jump into a state of nggatlve energy,
so that the double transition processes \\nh intermediate states of negativ

energy for the electron must be excluded.  We now have, howeve
kind "of double transition process tal\mw place namely, that | jin
one of the distribution of negative-energy electrons jumps up mto th
final state for the clectron with ahsorption (ot cmission) of a photon
the orwmal powtnu cnergy oloctron drops mto the hole. formcd by
tmlmtlon witlr emission (or abscrption) of a. photon. “Such proces
“in a final state of the w hole system indistinguishable from the final §
the more direct processes, in which the same elcctron makes two §
jumps.  These new processes just make up for those of the more dj
cesses that are exeluded on account of the intermediate st(\te having

energy for the clectron, amoc the-matrix clements that dehrmmc the transition
probabilities are just the same in the two cases, though they come into play int
the -reverse order. - In this way the old scattcrmg formulds, m W lnch no|

mt(‘rnwdmte states.are excluded. can be justified. .
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¢ Lam in.(lohto«l to I. Waller for calling my attention to this difficult,
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