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Antarcticais about1.5x the size of the US &
the largest potential contributor to sea level rise
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Ice thickness
models

e

[ datalimitations ]

93% of 500 m grid cells
rely on interpolation.
|Pritchard et al. 2025]

ice sheet models

— sea level rise
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Interpolations require Mass Conservation (MC)

Flux: ice mass transport rate
2D flux v = ice thickness h x ice velocity s
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interpolation with flux
divergences
blue = spurious sources

Ice Sheet l x see Seroussi et al. 2011,
Model

Morlighem et al. 2011,

and Nias et al. 2018.

sea level rise

Ice Sheet facti
— — —p projectionsthat
Model V reliably inform

climate action

divergence-free
flux interpolation
inflow = outflow
at any point

— |ce sheet models require ice thickness initialisations to respect mass conservation.
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FEM ice flux Mass Conservation

* Finite Element Method (FEM) Mass Conservation introduced by Morlighem et al. 2011
« Applied to fast-flowing regions of Antarctica in BedMachine Antarctica (Morlighem et al. 2020)
* Finite Element Method (FEM) drawbacks:
* high computational cost
» depends on fixed mesh/grid
* integration of new measurements may be tricky

S geoscience Can we use Machine Learning
for mass conservation?

Deep glacial troughs and stabilizing ridges
unveiled beneath the margins of the Antarctic
ice sheet

Mathieu Morlighem®™, Eric Rignot®'?, Tobias Binder?, Donald Blankenship? Reinhard Drews©3%,
Graeme Eagles©3, Olaf Eisen®3#, Fausto Ferraccioli’, René Forsberg?, Peter Fretwell’, Vikram Goel ©°,
Jamin S. Greenbaum ©*#, Hilmar Gudmundsson®™, Jingxue Guo", Veit Helm?, Coen Hofstede?,

lan Howat?, Angelika Humbert©3¢, Wilfried Jokat®3, Nanna B. Karlsson 3", Won Sang Lee ®",
Kenichi Matsuoka®™, Romain Millan', Jeremie Mouginot®', John Paden”, Frank Pattyn®®,
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Physics-Informed Machine Learning (ML)

1. Observational bias

unconstrained models

learn from observations that
embody physics

Implied in any ML model but
observation are very limited

after Karniadakis et al. 2021
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Divergence-free ice flux

sparse ice height point data h from airborne dense surface velocity vectors s from satellites
ice height h surface velocity s
= VTR N 3000 m x 450
S LA S _
2 ¢ 3 2 g from MEaSUREs
from thj Beo:n;%p; 5 : h - s s g InSAR velocity map
(Fremand et al. 3) g é S 2 (Rignot et al. 2017)
é . 800m § = 150
420k xcoordinate 445k 420k xcoordinate 445k
S icesurface
velocity vector [m/yr]
- 7 ice flux v Remove negligible terms from the mass
h-s=v T continuity equation (as in Teisberg et al. 2021)
— v=h - s 5 F S ’ (1_’.M
@ h — v i > V-v = —
£l e s Ice fluxdescribes ¢ 2 T
m [ the transport of ice F T
N mass/volume per & 3 V-v=0
pointin 2D space. 20k — Enforce MC as divergence-free constraint
x coordinate 420k xcoordinate 445k
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A fluid dynamics trick

stream function g symplectic gradient of ¥
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— The symplectic gradient of the stream function is always divergence-free.
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Exact Mass Conservation with divergence-free NNs

Based on
- Model Inclusive Learning
g_llf — [Kuroe et al. 1998]
Y - Hamiltonian Neural Networks (HNNs)
4 < o |Greydanus et al. 2019]
M Neural Conservation Laws (NCLSs)

[Richter-Powell et al. 2022]

— No glaciology applications yet.

— No comprehensive comparison.
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Mass Conservation on Rails

+ auX

+ directional guidance

+ dir

—— dfNN+dir ice flux (V-v =0) —
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Experiments

9 models:

- dfNN (hard-constrained) (proposed)

200 x 200 km region over Byrd Glacier,
Antarctica, divided into train and test.
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+ dir (directional guidance training step) (proposed) soo

+aux (auxiliary input: surface elevation)

- PINN (soft-constrained)
+ dir (proposed)
+aux

- NN (unconstrained)
+ dir (proposed)
+aux
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Results on test

MAD: Mean Absolute Divergence

AD<o, MAD=10.1
0.6 - MAD=0.5 MAD=7.38 MAD=07 MAD=7.1 MAD = 0.0 o T

MAD = 0.0 T MAD = 0.0 T ‘" T

= 5 1 - I
0.4 1 I I 1
0493 || 0237
0.2 - 0391 || 0466 || 0478 0385 || 0441 || 0448 0.447
0.0
dfNN PINN NN dfNN+dir PINN+dir NN+dir dfNN+aux PINN+aux NN-+aux

— Hard-constraining yields higher accuracy reconstructions and better physical adherence.
— Additional directional guidance training boosts all models.

— Adding auxiliary surface predictors did not help.
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Visual comparison of predictions

NN +dir

PINN +dir

dfNN +dir

12x10°
0.6x10°

flux magnitude [m2/yr]
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Summary - Mass Conservation on Rails

Our findings suggest that hard-constrained PIML models are preferrable, especially
when data is sparse & noisy.

Future work may apply dfNNs to other environmental flows (e.g. ocean, groundwater,
atmosphere) and extend dfNNs to higher dimensions.

dfNNs

Physical guarantees

Fully reproducible experiments on GitHub O

- dfNNimpl jonin PyTorch
d Implementation in Py lorc End-to-end model

- Leverage autodiff in forward pass
- SiLU activation function improves convergence

 Meshless
e Fast

Also find the workshop paper on arXiv & I'XlV
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https://github.com/kimbente/mass_conservation_on_rails
https://arxiv.org/abs/2510.06286

Ongoing work

Probabilistic model variant: dfNGPs DHNN:Ss for ice shelf basal melt estimation
Integration of dfNNs with divergence-free Gaussian We use a Dissipative Hamiltonian Neural Network
Processes (dfGPs) into dfNGPs (divergence-free Neural (DHNN, Sosanya et al. 2022) to estimate basal melt
Gaussian Processes) for Uncertainty Quantification. over Ross ice shelf via vector field decomposition.

Steady state basal melt estimate over Ross (m/yr)
Red (positive) = melting, Blue (negative) = freezing

icefluxv="h-s divergence-free constraint 19 5
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Join ML4Cryo (Machine Learning for the Cryosphere) T %

B8 UNIVERSITY OF
» CAMBRIDGE

Andrew McDonald

ML4Cryo

A global research community,
bridging the gap between machine
learning and cryospheric science.

a
..." slack community

@GU sessions at EGU

and similar

T[T contributions to

reports & blogs

... review paper inthe
making
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